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SUMMARY
In this work, we rigorously investigate new analytical and numerical approaches of con-
structing asymptotically correct laminated shell models that are accurate over a wide range
of frequencies. The work is based on three essential theoretical foundations: (a) the con-
cept of decomposition of the rotation tensor, (b) the variational asymptotic method and
(c) hyperbolic short-wavelength extrapolation. Based on these, the Dynamic Variational
Asymptotic Plate and Shell Analysis (DVAPAS) has been developed as part of the present
study.
Unlike published shell theories, the main two parts of this thesis are devoted to the
asymptotic construction of a refined theory for composite laminated shells valid over a
wide range of frequencies. The resulting theory is applicable to shells each layer of which
is made of materials with monoclinic symmetry. Both analytical and finite-element-based
approaches are developed using quite similar procedures. The main objective of the analyt-
ical development is to provide insight and guidance for development of finite-element-based
shell modeling; the main objective of the second part is to create a practical procedure for
modeling layered shells.
First, the dynamic, three-dimensional, elasticity problem is compactly and elegantly
formulated in intrinsic form considering the complex geometry of shell structures. Then
the Variational Asymptotic Method is used to rigorously split this three-dimensional prob-
lem into a linear, one-dimensional, through-the-thickness analysis and a nonlinear, two-
dimensional, surface analysis with the aid of the small parameters inherent in the structure.
However, there is one important physical parameter in dynamics that is not present in
statics. With respect to the characteristic “length” associated with the change of deforma-
tion with respect to time, the Variational Asymptotic Method also allows us to completely
decouple the problem in terms of a low-frequency vibration analysis and a high-frequency
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vibration analysis, both in the long-wavelength regime. The one-dimensional through-the-
thickness analysis for the low- and high-frequency vibration approximations is solved by a
one-dimensional finite element method in which the warping displacement field is discretized
along the normal line. From results obtained, a total energy functional valid over the wide
range of frequency has been constructed from the one-dimensional through-the-thickness
analysis. One more step is then performed to complete the analysis. To ensure that the
resulting strain energy is positive definite and sufficiently simple for all wavelengths, an-
other logically independent step, called hyperbolic short-wavelength extrapolation, is used
in the present work. An asymptotically correct energy functional for all wave lengths and
frequency regimes up to the first approximation is first derived. This then provides a two-
dimensional constitutive law in terms of matrices of inertia and stiffness coefficients and
becomes suitable for input into the corresponding two-dimensional surface analysis, as well
as for three-dimensional recovery relations to asymptotically represent three-dimensional
displacement, strain and stress fields in terms of variables obtained from solving the equa-
tions of the shell analysis. The engineering software, DVAPAS, is developed based on the
present shell model. It is a standard one-dimensional finite element code. The beginning
step of the validation process is chosen to compare our numerical results with published
analytical solutions, and the excellent agreement proves that the present model is capable of
analyzing dynamic structural responses over a wide range of frequencies and wavelengths.
In a word, in the literature there is not to be found such a consistent and general
approach, whether analytical or numerical. The associated computer program DVAPAS
has the potential to have many applications in industry for analyzing composite structures





As composite materials were introduced into the world, the initial impetus for using them
was their high strength-to-weight and stiffness-to-weight ratios, along with very significant
improvement in fatigue life and damage tolerance compared to most metallic materials. Fur-
thermore, when composite materials are used to tailor a structure, they provide excellent
opportunities for design flexibility and potential optimization of design criteria by control-
ling their directional natures to achieve certain performance goals or eliminate undesirable
instabilities.
In general, many engineering structures made of composite materials are subjected to
various forms of dynamic disturbances which may arise from either mechanical or envi-
ronmental sources. The various excitation sources that act on a structure can be broadly
classified as i) low-frequency ii) medium-frequency and iii) high-frequency disturbances.
There is no absolute frequency range associated with each of these regimes, as much de-
pends upon the structure itself; however, the main characteristics of the three types of
excitation are the same for all structures and can be summarized briefly as follows [1].
1. Low-frequency disturbance: In this case the lowest modes of vibration of the structure
are excited, just as in statics. The characteristic wavelength of the structural deforma-
tion is much longer than the smallest dimension of structures, and the characteristic
timescale of the vibrations is linked to other dimensions of structure.
2. Medium-frequency disturbance: This involves excitation of the higher modes of vi-
bration, but still the characteristic wavelength of the structure isn’t much less than
other dimensions of the structures.
3. High-frequency disturbance: In this case the highest modes of vibration are excited.
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Indeed, the characteristic wavelength of the structural deformation is much less than
or equal to the smallest dimension of structure. Moreover, the vibrations the charac-
teristic timescale of which is linked to the smallest dimension of structures.
Referring to physical behavior and the existing literature, the dynamic response to low-
frequency disturbances leads essentially to mechanical vibration of the whole structure.
However, medium- to high-frequency excitation may be lead to unacceptable noise and
vibration. In particular, excessive vibration maybe create large fluctuations of mechani-
cal loads and stress, which leads to fatigue failure of structural components, loosening of
threaded connections, friction and wear, and damage of electronic and other delicate com-
ponents. Therefore, there is clearly a need for prediction and control of vibration over a
wide range frequencies at the structural design stage. However, one can immediately sur-
mise from reviewing the literature that established methods for design of ideal and simple
structures made of isotropic materials and subjected to low-frequency disturbances are not
suitable for analyzing realistic and complex composite structures over a wide range fre-
quencies. This in turn requires the availability of new analytical methods that are able to
predict the structural dynamic response of composite materials subjected to various forms
of dynamic disturbances.
Because laminated composite shells are increasingly being used in various engineering
applications that are very sensitive to excessive structural noise and vibration, research
covering the dynamic behavior of composite shells has received considerable attention in
the past three decades. This research spans aerospace, mechanical, marine, and automo-
tive engineering. Tracking the history of new developments of approximate shell and plate
theories, one can easily observe there are two main competing methods, namely asymptotic
[2] and variational ones [3]. With the help of these two methods, there have been many
attempts to develop dynamic models valid over a wide range of frequencies. First, in order
to use variational methods, one needs an a priori kinematic assumption for the distribution
of displacements as functions of the in-plane coordinates. Substituting this assumption into
the three-dimensional (3-D) energy functional, one can derive the equations determining
the dependency of the displacement field upon the thickness coordinate by varying the
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functional obtained after the averaging procedure. The main disadvantage of the varia-
tional method is the necessity of having kinematic assumption for the displacements, while
simplicity and brevity are its advantages.
On the other hand in asymptotic methods one expands the displacements in an asymp-
totic series (so there are no ad hoc kinematic assumptions). Indeed, the asymptotic method
needs no a priori assumptions; however, it is very cumbersome and restricted from both
geometric and material points of view [4, 5, 6]. Although there are many new theories
based on elaborate mathematics or bound up with the phenomenal power of computers
in the literature, none of the theories resolve satisfactorily all the above disadvantages at
the same time. This is partly because there are many new models that are constructed
for specific problems without generalization in mind (variational method case), partly due
to some models being too complicated to be used in a design process (asymptotic method
case). Simple yet efficient and generalized methods of analysis are still needed to predict
the structural dynamic response over a wide range of frequencies.
Berdichevsky [7, 8, 3] first proposed the synthesis of these two methods, called the Varia-
tional Asymptotic Method (VAM), which seems to avoid the disadvantages of both methods
described above. It also has proved to be very effective and accurate in formulating theories
for isotropic elastic beams, plates and shells for both low- and high-frequency vibrations.
At least some asymptotic methods give results similar to VAM, but they are more difficult
to apply, more awkward in the series substitution into the equations of the 3-D theory, and
more problematic as far as the subsequent asymptotic derivation of the recurrent system of
equations for corresponding terms of the series. VAM is a powerful and systematic math-
ematical method. It can be used to split an original nonlinear 3-D elasticity problem into
a linear analysis over the less important dimension(s) and a nonlinear analysis over the
remaining dimension(s). For example, for a shell, VAM will decouple the elasticity problem
into a linear 1-D analysis through the thickness which is called through-the-thickness analy-
sis and nonlinear 2-D analysis over the reference surface. The main motivation of this study
is to apply VAM to construct asymptotically correct models for shells made of composite
laminated materials, which are valid over a wide range of wavelengths and frequencies.
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1.2 Reviews of Previous Work
A shell is a thin 3-D body bounded by two, relatively close, curved surfaces where the
thickness (i.e. the distance between the two curved surfaces) is relatively small compared
to dimensions of the surfaces. In general, two fundamental restrictions are characteristic
of approximate shell and plate theories. They impose limits on wavelengths and timescales
in question. That is, to analyze the structural dynamic responses of shell and plate can be
broadly classified into three approximations ranges due to various forms of dynamic distur-
bances – i) long-wave, low-frequency approximations (for a low-frequency disturbance) ii)
long-wave, high-frequency ones (for a medium-frequency disturbance) and iii) short-wave,
high-frequency ones (for a high-frequency disturbance). The short-wave, low-frequency ap-
proximations are not of great interest in dynamics because they are used to determine
quasi-static boundary layers localized near the edges of the shell, whereas the other ap-
proximations describe disturbances which extend over the entire shell. It is essential that
the range of applicability of the short-wave, high-frequency approximations and those of
the long-wavelength approximations overlap [4]. Moreover, because the short-wavelength
problem is essentially 3-D and does not admit a two-dimensional (2-D) description, we can
only expect that applying 2-D theory to this field obtains only qualitative correspondence
[9]. Referring the existing literature, there is a tremendous amount of work done on using
approximate shell models for the prediction and control of structural dynamic responses
under low-frequency vibration areas [10, 11, 12, 13, 14, 15]. Most of the existing literature
focuses on applying approximate theories based on the first range with various numerical
methods. However, for the second and third approximations there is little work being done
on shells and plates [16, 17, 18, 19]. Refs. [1] and [20] presented an extensive review describ-
ing all well-known numerical methods, their advantages and disadvantages. The literature
survey of previous work here is not intended to enumerate all approximate shell/plate the-
ories, but it focuses on reviewing the main theories that have appeared in the past and are
applicable to the whole excitation regime. Before proceeding, almost all shell theories are
the direct or indirect extension of plate theories. Although one model working very well for
plates might not be suitable for shells, it is still a common practice to derive shell theories
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by using a similar technique for deriving in plate theories.
For vibration of plates and shells, the correct 2-D equation of small flexural vibrations
of plates was first proposed by Sophie Germain in 1811. However, her choice of boundary
condition proved to be incorrect. As early as 1828, Poisson and Cauchy both considered
this problem from the point of view of 3-D elasticity; they started with full expansions in
infinite series of powers of the thickness-coordinates, and then exercised great ingenuity
in discarding higher powers and combining what was left so as to reach the desired equa-
tions. They had before them the ingredients of the higher-order equations, but there was
no interest in high-frequency vibrations as that time. Poisson’s work again produced So-
phie Germain’s equation. However, much controversy arose concerning Poisson’s boundary
conditions. These said that the resultant forces and moments applied at the edge of the
plate must be equal to the internal forces and moments arising from the strain. Not long
afterwards, Kirchhoff was the first to show that these conditions are too numerous and can-
not in general be satisfied. He introduced energy considerations and integral theorems into
the theory of the plates, which have remained in use until today. Similar to the rod theory
based on Saint-Venant’s principle, Kirchhoff’s reasoning was based on two assumptions [21]:
1. The straight fibres of a plate which are perpendicular to the middle surface before
deformation remain so after deformation.
2. All the elements of the middle-surface remain unstretched.
However, he too was interested only in low frequencies and included just enough terms of
the series for his immediate purpose. Much later Rayleigh and Lamb found the dispersion
equation for waves in an infinite plate according to 3-D elasticity. Also, Gazis derived and
studied dispersion equations for waves in circular cylindrical shells of infinite length [22, 23].
A similar situation exists in regard to the classical 1-D equation of motion of elastic rods
as compared with the exact 3-D elasticity studied by Pochhammer and Chree. One can
show that the classical 2-D equations of motion of elastic plates and shells can be used to
describe their vibrations in the low-frequency, long-wavelength range. However, numerical
analysis of Rayleigh-Lamb’s and Pochhammer-Chree’s dispersion equations shows that, as
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the frequency increases, many new branches of the dispersion curve arise. These branches
are connected to each other in the complex wave-number plane, signifying complicated
interactions between waves associated with the different branches near a free edge of a
plate or shell. As the wave number and the frequency increase, the velocities in the 3-D
theory have upper limits for all branches, in contrast to the classical 2-D theory. Hence the
latter cannot be expected to give good results for the frequencies of modes of vibration of
high-order.
In recent years there has been much interest in higher-order theories of plates and
shells. Timoshenko [24] was the first to include the effect of transverse shear deforma-
tion and rotatory inertia to derive a 1-D theory of flexural motions of bars, which gives
more satisfactory results for vibration modes with short wavelengths and high frequencies.
Based on Timoshenko’s investigation, Reissner and Mindlin developed a corresponding 2-
D theory of elastic plates and shells called first-order shear deformation theory. Reissner
[25] assumed that stresses are distributed linearly through the thickness in static behavior,
while Mindlin [26] assumed that the 3-D displacement fields can be represented as a linear
combination of unknown functions of the in-plane coordinates and given functions of the
thickness coordinate.
According to Ref. [27], let the plate coordinates be x1, x2, x3 with x3 being the thickness
coordinate and the x1–x2 plane being the middle-plane of the plate throughout this chapter.




3 may be expanded in
terms of the power series of the thickness coordinate x3 as





i (x1, x2, t) (1)
Here note that a superscript enclosed in parentheses is not a power, but only indicates the









2 ) have the same physical meaning as in the first-order
shear deformation theory (FSDT) [25, 26], and u2d(1)3 describes elongation or contraction
of the normal line element [28, 29, 19]. The simplest plate theory is the so-called classical
plate theory (CPT), in which u2d(1)1 and u
2d(1)
2 are represented by the partial derivatives
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of u2d(0)3 with respect to in-plane coordinates. In Fig. 1, the first three orders of x3 are
illustrated for the linear isotropic, elastic case.
Figure 1: Components of displacement of orders zeros, one and two
However, Timoshenko’s beam theory and its generalizations for plates and shells (Reissner-
Mindlin’s, and later Berdichevsky’s, refined shell theories [8, 3]) have the shortcoming that
they cannot satisfactorily predict the cut-off frequency (corresponding to zero wave num-
ber) and the long-wavelength asymptotes of the first branch of thickness vibrations. In
particular, there are other expansions to do a more exact analysis. It was Mindlin and
Medick [29] who succeeded in deriving 2-D equations of motion for plates that give sat-
isfactory results for dispersion curves of both low-frequency and high-frequency branches.
Unlike Mindlin’s previous works, the 3-D displacement distributions are expressed by series
7
expansions in terms of Legendre polynomials in the thickness coordinate (instead of the






i (x1, x2, t) (2)
where ζ = x3/h, and the first few polynomials are
P0 (ζ) = 1, P1 (ζ) = ζ, P2 (ζ) =
(
3ζ2 − 1)/2, P3 (ζ) =
(









The reason for expanding in P (ζ) instead of ζ itself was given by Mindlin and Medick as
follows. Expansions in ζ raised to second and higher powers leads to awkward mathematical
forms owing to the lack of orthogonality of the terms of a power series. Although similarly
awkward forms occur using the Legendre polynomials, they generally do not occur until
third-order terms are reached. Fig. 2 illustrates the different distributions of displacements
through the thickness from ones based on a power series.
Figure 2: Symmetric components of displacements
According to Refs. [29] and [30], these series expressions are substituted into the 3-D en-
ergy functional, integrated over the thickness coordinate, and then some terms are truncated
to produce the required order of approximation. However, since neither power series nor
Legendre polynomials represent eigenvectors of the branches of thickness vibrations exactly,
the 2-D theories thus obtained cannot predict exact cut-off frequencies and long-wavelength
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asymptotes of those branches. Later, to avoid encountering complex mathematical forms
due to Legendre polynomials and to resolve the above problems, Lee and Nikodem [31]
used a different type of series and obtained the equations for anti-symmetric and symmetric











i (x1, x2, t) (5)
However, certain “correction coefficients” are still needed to improve the match between the
frequency spectra of an infinite plate as obtained from the approximate and exact equations.
Although theories of Mindlin and his co-workers have been successfully applied in many
engineering problems, their introduction of the “shear correction factors” remains a little
mysterious. Berdichevsky was the first to show that a long-wavelength asymptotic analysis
can be applied for branches of high-frequency vibrations of elastic plates near the cut-off fre-
quencies (corresponding to zero wave numbers) [32]. Based on VAM he found distributions
of the displacements and derived the equations of high-frequency, long-wavelength vibra-
tions for all thickness branches. This method was also applied to beams [33] and shells [34].
Later work by Kaplunov [35] confirms the results for plates, but displays some arithmetic
mistakes in the calculation of the coefficients for the equations of shells, the correction of
which leads to the full agreement of the results from VAM.
Although Berdichevsky obtained asymptotically correct equations that describe cor-
rectly the low- and high-frequency vibrations of plates and shells in the long-wavelength
ranges near the cut-off frequencies, when these equations without any modification are di-
rectly applied for a wide range of wavelengths, they show an unsatisfactory description of
the dispersion curves and the group velocities in the short-wavelength range. Moreover, the
formulation of boundary-value problems is associated with the behavior of the correspond-
ing differential operators at short wavelengths. Thus, even asymptotically exact equations
in the long-wavelength range may lead to an ill-posed boundary-value problem [7]. There-
fore, construction of the theory of plates and shells involves not only the derivation of
equations in the long-wavelength range, but also another logically independent step – the
extrapolation of those equations to the short wavelength regime. It is possible to carry
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out either trivial extrapolations, when the system of equations derived for long waves is
applied to short waves without any changes, or non-trivial extrapolations, when terms that
are small in the long-wavelength range but appreciable for short waves are introduced (or
removed). For shells in the short-wavelength range it is impossible to describe the 3-D stress
state exactly using a 2-D theory, and only a qualitative agreement can at best be expected.
For this reason, different 2-D equations are allowed in the theory of shells. However, it
is natural to demand an asymptotic equivalence in the long-wavelength range of different
short-wavelength extrapolations.
The hyperbolic short-wavelength extrapolation for a shell made of an elastic material was
first proposed by Berdichevsky and Le [36, 16]. This involves the classical (low-frequency)
branches and several thickness (high-frequency) branches of vibrations; it takes into account
their cross-terms at short wavelengths. The structure of the equations is similar to that
of Mindlin for plates; but, in contrast to his theory, this one is asymptotically exact in
the low-frequency regime, and some of the first high-frequency branches of vibrations for
the long-wavelength approximations are determined by the asymptotic analysis and not by
introduction of “shear correction factors” based on ad hoc assumptions.
This brings additional advantages:
1. Problems for which exact dispersion equations are unknown or unavailable (for in-
stance, shell vibrations) can also be analyzed;
2. The asymptotically exact 3-D stress and strain state can be recovered from the 2-D
integral characteristics.
The application of the 2-D theory to various problems, such as the dispersion of waves
or the frequency spectra of plates or shells, shows that it enables one not only to predict
the asymptotically correct distributions of the stress and displacement fields in the long-
wavelength range, but also to describe qualitatively correctly their behaviour in the short-
wavelength range. The construction of the approximate theory by VAM is then generalized
for beams [37, 9], sandwich plates [38], piezoelectric shells [39, 40], plates [41], and a dynamic
version of Saint-Venant’s principle [42, 43].
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This approach is extended to model composite plates by Lee [44] and composite beams
by Cesnik [45] for statics, and for dynamics of composite beams by Volovoi [46] for dynamics.
They introduced new “degrees of freedom” into the 3-D displacement field. According to
the eigenfunction approach introduced by Sutyrin [47], they developed so-called “alternative
theories” to treat transverse shear effects. However, these theories themselves are not
asymptotically correct, nor were they claimed to be. To the best of the author’s knowledge
this type of development, for laminated composite shells valid for vibrations over a wide
range of frequencies, does not appear in the literature.
1.3 Present Work
As reviewed in the above section, most published 2-D shell models are restricted to only
analyze structural dynamic responses within the long-wave, low-frequency vibration area.
Moreover, under the established models many extended and modified theories are developed
and introduced to overcome two fundamental restrictions – wavelengths and timescales.
However, contrary to their developers’ intentions these theories suffer from other draw-
backs, such as an ad hoc kinematic assumption for the displacements, specific limitations
on geometry and materials, etc. Also there are the similar drawbacks on the numerical pro-
cedures such as excessive dependence on computer performance and limited representations
for general geometries.
The approach introduced in the present research is thus new and powerful. The com-
pact and elegant representation of the dynamic intrinsic formulation [48], the rigorous di-
mensional reduction procedure of VAM, and the non-trivial, hyperbolic, short-wavelength
extrapolation procedure [3] have all been combined to construct an asymptotically correct
shell model. It enables one to analyze shell dynamic responses within both low-frequency,
and high-frequency, long-wavelength vibration regimes. It also leads to energy functionals
that are both positive definiteness and of sufficient simplicity for all wavelengths.
The procedure can be summarized as follows: We first transform the original 3-D dy-
namic elasticity problem into an intrinsic form so that the developed theory is applicable
for arbitrarily large displacement and global rotation subject only to the assumption that
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the strain is small. The main advantage using the dynamic intrinsic formulation is also a
compact and elegant representation without the unnecessary complexities of a purely mathe-
matical description. And then for plates and shells within the long-wavelength regime, a 1-D
linear through-the-thickness analysis and a 2-D nonlinear surface analysis can be decoupled
using VAM with the aid of small geometrical parameters inherent in the structure. Unlike
the corresponding static analysis, however, there is one more important physical parameter
in dynamics, called the characteristic timescale associated with the change of the deforma-
tion with respect to time. It is used to rigorously split the original 3-D dynamic problem
into low- and high-frequency vibration regimes. The 1-D through-the-thickness analysis
yields a generalized 2-D constitutive law represented by mass and stiffness matrices, M2d
and K2d, respectively, and a load-related column matrix F2d. Again, asymptotically ex-
act approximations of the original 3-D solutions can be recovered using global deformation
from the corresponding 2-D surface analysis together with results from the 1-D through-the-
thickness analysis. This whole procedure was first performed analytically. From the insight
gained from that procedure, a finite element version of the analysis was then developed;
and a corresponding computer program, Dynamic Variational Asymptotic Plate and Shell
Analysis (DVAPAS), was developed. DVAPAS can obtain the generalized 2-D constitutive
law and recover accurately the 3-D results for stress and strain in composite shells.
Before proceeding to a detailed derivation of the present theory, it must be emphasized
that there is no previous work known to the author that has been done toward variational-
asymptotic modeling of composite laminated shells for accurate prediction of dynamic be-
havior over a wide range of frequencies. Moreover, the present work represents the first
attempt to develop a corresponding finite element-based procedure, which makes more the
problem tractable in practice. A difficulty is met when one tries to validate our results ob-
tained from DVAPAS, because most of those published are restricted to homogeneous and
isotropic shell cases. Even though there are a few published works to investigate composite
cases, it is very difficult to compare our results directly in terms of the mass and stiffness
matrices. So some independent works will be needed to develop the corresponding 2-D
surface analysis associated with the present theory and to continue towards full verification
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and validation of the present process by comparison with available published works. Fortu-
nately, mass and stiffness matrices for homogeneous and isotropic plates/shells are directly
provided by Refs. [16] and [9], which shows very good agreement with 3-D numerical results
by Gazis [22, 23]. In addition, all results calculated are also summarized well. For this
reason, we choose Le’s analytic solutions in the validation process to check our analytic
and numerical procedures in detail. As it will be demonstrated, the present theory shows




In the theory of plates and shells, dimensional reduction from the dynamic equations of 3-D
elasticity to the approximate 2-D equations is possible if the displacements change little in
the in-plane directions over distances of the order of the plate/shell thickness h within the
long-wavelength approximation h/l → 0. Here l is a characteristic length scale associated
with the variation of the deformation of the reference surface, often referred to as the “wave-
length” of in-plane deformation. In statics, this condition leads, in the first approximation,
to the constancy of displacements along the thickness coordinate. However, in dynamics,
for stress states that change slowly in the in-plane directions, an infinite variety of displace-
ment distributions along the plate/shell thickness (branches) is possible. Each branch is
characterized by some specific frequency ω. According to Ref. [32] it turned out that, for
problems with zero displacement at the edge, the branches have the splendid quality that
they are orthogonal with respect to kinetic and strain energies. This makes it possible to
independently investigate vibrations corresponding to different branches. Therefore, clas-
sical theories of plates and shells, such as Kirchhoff-Love theory, describe low-frequency
vibrations, for which the displacements are, to a first approximation, constant through the
thickness. However, for high frequencies the above generalizations that published shell the-
ories have almost universally used are not suitable for analyzing complicated high-frequency
effects because the displacements rapidly oscillate along the thickness coordinate. In addi-
tion, within short wave range h/l →∞ because it is very difficult to represent the 3-D stress
state exactly by the 2-D theory, and only a qualitative agreement can at best be expected
it is more natural that we should apply the other operator into the equations of the theory
of plates and shells - the hyperbolic short-wave extrapolation procedure.
In this chapter, an asymptotically correct dynamic shell theory valid over a wide range of
frequencies is proposed. The theory is applicable to shells in which each layer is made with
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Figure 3: Overview of dynamic shell analysis
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monoclinic material. Unlike most of established shell theories that are limited to the low-
frequency, long-wavelength regime, the present theory describes in an asymptotically correct
manner not only the low-frequency regime but also some of the first high-frequency branches
of vibrations of the shell in the long-wavelength regime. Moreover, to allow recovery of the
3-D stress state in the short-wavelength regime, we introduce hyperbolic, short-wavelength
extrapolation procedure pioneered by Berdichevsky and Le [34]. The present theory will
be obtained using four steps. First, the dynamic 3-D elasticity problem is formulated
in an intrinsic form considering the complex geometry of shell structures (Sections 2.1
and 2.2). Then the VAM is used to rigorously split this 3-D problem into a linear 1-D
through-the-thickness analysis and a nonlinear 2-D shell analysis, taking into account the
full range of frequencies. This means that we construct the asymptotically correct energy
functional in the low- and high-frequency, long-wavelength regime up to terms of the order
h/R ¿ 1 and h/l ¿ 1 within the first approximations, where R is the characteristic radius
of curvature of the shell reference surface and l the characteristic wavelength in the in-plane
directions (Section 2.3 and 2.4). Unlike most published plate and shell theories, another
logically independent step – hyperbolic short-wavelength extrapolation is used in the present
approach to describe the 3-D stress state qualitatively (Section 2.5). Finally, the resulting
theory provides recovery relations to approximately express the 3-D displacement, strain
and stress fields (Section 2.6). Fig. 3 shows a flowchart for the overall process.
Note that here and throughout the rest of the shell development, Greek indices assume
values 1 and 2 while Latin indices assume 1, 2, and 3. Repeated indices are summed over
their range except where explicitly mentioned.
2.1 Shell Kinematics
A shell may be considered geometrically as a smooth 2-D surface S surrounded by a layer of
matter with thickness h to form a 3-D body with one dimension much smaller than the other
two. Let S be called the reference surface of the 3-D body, bounded by a smooth closed
curve ∂S and mathematically represented by a set of arbitrary curvilinear coordinates,
xα. However, without loss of generality, one may choose the lines of curvature to be the
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curvilinear coordinates to simplify the formulation. In addition, for representing the 3-
D medium uniquely and following a very natural choice generally, the third coordinate
is specified as x3 = hζ, the coordinate normal to the reference surface. Throughout the
analysis, a non-dimensional coordinate through the thickness is used −1/2 ≤ ζ ≤ 1/2.
In fact, almost all published shell theories are based on this choice. Note that a plate
is a special case of a shell whose middle surface is planar. As sketched in Fig. 4, letting
Figure 4: Schematic of shell deformation
b3 (x1, x2) denote the unit vector normal to the reference surface, one can then describe the
position of any material point in the stress-free, undeformed configuration by its position
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vector r̂ relative to an inertially fixed point O, such that
r̂ (x1, x2, ζ) = r (x1, x2) + hζb3 (x1, x2) (6)
where r is the position vector from O to the point located by xα on the reference surface.
When the reference surface of the undeformed shell coincides with its middle surface, it
naturally follows that
〈r̂ (x1, x2, ζ)〉 = r (x1, x2) (7)
where the angle-brackets 〈•〉 denote the definite integral through the thickness of the shell
ζ ∈ [−1/2, 1/2] and will be used throughout the rest of the development for shells.
Typically, let 2-D base vectors aα associated with xα be defined as:
aα (x1, x2) = r,α (8)
From henceforth, for simplicity, we will avoid including the independent variables on which
a function depends unless it is not obvious for the reader to determine what they are. From
Eq. (8) one can define the so-called Lamé parameters as:
Aα (x1, x2) =
√
aα · aα (9)
Let us mention that in Eq. (9), the summation convention is not applied because α is not
a dummy index. The same rule will apply to the rest of development without repeating
the same statement. Then, for the computational procedures used later, the 2-D unit base
vectors bi constitute an orthogonal triad system such that
bα (x1, x2) =
aα
Aα
b3 = b1 × b2 = a1 × a2|a1 × a2|
(10)
Now by taking the partial derivatives of Eq. (6) with respect to xα, it is easy to see that
the covariant 3-D base vectors gi associated with the chosen coordinate system are given
by:
g1 = a1 + hζb3,1




From the differential geometry of the surface and with the help of Refs. [49] and [50] one
can express the derivative of 2-D unit base vectors bi,α as follows:
bi,α = Aαkα × bi (12)
with
kα = (−kα2b1 + kα1b2 + kα3b3) (13)
where kα is the curvature vector measured in bi in which kαβ refers to out-of-plane curva-
tures. We note that k12 = k21 = 0 because the coordinates are defined to be the lines of
curvatures. However, the geodesic curvatures kα3 do not necessarily vanish for the chosen
coordinate system, and they can be expressed in terms of the Lamé parameters as:






As we are interested in the interior solution with geometrical and shear refinements for
regular shells, we assume that the initial curvatures kij and Lamé parameters Aα are slowly
varying or constant. This assumption will result in the neglect of all the derivatives of these
quantities with respect to in-plane coordinates xα in the formulation.
Using Eqs. (12) and (13) one can rewrite the expression for the covariant 3-D base
vectors from Eq. (11) as:
g1 = A1 (1 + hζk11)b1
g2 = A2 (1 + hζk22)b2
g3 = b3
(15)






eijkgj × gk (16)
where g = det (gi · gj) is the determinant of the metric tensor for the undeformed config-
uration, and eijk are the components of the permutation tensor in a Cartesian coordinate
system. Thus, one can define the contravariant 3-D base vectors gi as
g1 =
b1
A1 (1 + hζk11)
g2 =
b2




When the shell is deformed, the particle that had position vector r̂ (x1, x2, ζ) in the un-
deformed state now has the position vector R̂ (x1, x2, ζ, t) in the deformed configuration.
The latter can be uniquely determined by the deformation of the 3-D body. A new triad
Bi (x1, x2, ζ, t) is introduced for the deformed shell. Note that the Bi unit vectors are
just tools to enable one to express vectors and tensors in their component form during the
derivation. They are not necessarily tangent to the coordinates of the deformed shell. The
relation between Bi and bi can be specified by an arbitrarily large rotation specified in
terms of the matrix of direction cosines C (x1, x2, t), so that
Bi = Cijbj
Cij = Bi · bj
(18)
subject to the requirement that Bi is coincident with bi when the structure is undeformed.
Without loss of generality, the position vector R̂ can be defined as:
R̂ (x1, x2, ζ, t) = Pi (x1, x2, ζ, t)Bi (x1, x2, t) (19)
where Pi are unknown arbitrary 3-D functions to be determined independently at each
frequency regime.
Before closing this section, definitions of the 2-D generalized curvature and inertial
angular velocity measures are introduced for the purpose of formulating this problem in
dynamic intrinsic form. Following Refs. [50, 51] and [52], they can be defined as:
Bi,α = Aα (−Kα2B1 + Kα1B2 + Kα3B3)×Bi
Ḃi = ΩjBj ×Bi
(20)
where Kij are the curvatures of the deformed surface, which are the summation of curvatures
of undeformed geometry kij and curvatures introduced by the deformation κij and of which
the order is denoted by O(ε̂/h). In addition, Ωi are the inertial angular velocity measures
of the deformed shell reference surface, of which the order is denoted by O(cε̂/l), where ε̂
is the order of the maximum strain in the plate/shell, and c the order of the characteristic
velocity of plane waves c0 in the composite material under consideration.
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2.2 3-D Formulation





(Fij + Fji)− δij (21)
where δij is the Kronecker symbol, and Fij the mixed-basis component of the deformation
gradient tensor such that
Fij = Bi ·Gkgk · bj (22)
Here Gi = ∂R̂
/
∂xi is the 3-D covariant basis vector of the deformed configuration. With
the help of Eqs. (17), (20), (21) and (22), one can obtain the 3-D strain and velocity fields
as:
Γ11 =




P1;2 − κ23P2 + κ21P3
1 + hζk22
+
P2;1 + κ13P1 + κ12P3
1 + hζk11
Γ22 =





















Λ1 = Ṗ1 − Ω3P2 + Ω2P3
Λ2 = Ṗ2 + Ω3P1 − Ω1P3
Λ3 = Ṗ3 − Ω2P1 + Ω1P2
(24)
where (•);α = 1/Aα∂ (•)/∂xα, (•)|ζ = ∂ (•)/∂ζ and (•̇) = ∂ (•)/∂t. Note that unlike most
published 2-D shell theories, the order of unknown 3-D functions Pi is not assumed a priori
to derive Eqs. (23) and (24), but rather it is obtained as a result of the minimization proce-
dure in the primary approximation for each range of frequency vibrations. For convenience
q̂ denotes the order of Pi.
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Until now, we have been trying to be general except for the small strain approximation.
However, to make the problem more manageable, we have to make some inevitable approx-
imations that published shell theories have almost universally used. There are several small
parameters in most engineering structures, and the existence of small parameters brings
about a great variety of possibilities for application of asymptotic methods. In the shell
problem considered, three possible small parameters exist: the maximum strain ε̂, the geo-
metric parameter h/R and the thickness-to-wavelength parameter h/l. To apply the third
parameter to our procedure, this means that our problem is in the long-wavelength regime.
Therein the smallest wavelength l of the deformation pattern associated with the in-plane
coordinates is considerably greater than the shell thickness h. Moreover, we will introduce




where c0 is the characteristic velocity of shear waves in the composite material under con-
sideration and τ is the characteristic timescale of the change of the deformation with respect
to time. Following to Ref. [3], if one limits the consideration to low-frequency vibration of
the shell, then τ can be linked to l as
h
c0τ






On the other hand, for the high-frequency (thickness) vibrations case
h
c0τ






Therefore, generally speaking, there are three independent small parameters: h/l, h/R and
ε̂. Note that the wavelength of the high-frequency vibrations along the thickness coordinate
of the 3-D shell is usually smaller than h, but this fact is not an obstacle for the application
of the VAM, which is based on the smallness of h/l.
Following to Refs. [50] and [51], Hamilton’s principle for the surface can now be con-





δL+ δW]dSdt = δA (28)
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where tα are arbitrary fixed times, S denotes the undeformed reference surface, L is the
Lagragian density per unit area, δW is the virtual work of the applied loads per unit area,
and δA is the virtual action at the boundary of shell and at the ends of the time interval.
Furthermore, L can be written as
L = K − U (29)
By definition, K and U are the 3-D kinetic energy and strain energy densities per unit area,
















































Γe = bΓ11 2Γ12 Γ22cT
2Γs = b2Γ13 2Γ23cT
Γt = Γ33





g1 × g2 · g3
|a1 × a2| = 1 + 2hζH + (hζ)
2 K (33)
Here H = (k11 + k22)/2 and K = k11k22 are called the mean and the Gaussian curvatures
of the surface, respectively. Here ρ (ζ) is the mass density of a 3-D body and D (ζ) is the
3-D 6× 6 material matrix, which comes from the fourth-order elasticity tensor expressed in
the bi basis. This matrix is in general fully populated. However, if it is desired to model
laminated composite shells in which each lamina exhibits a monoclinic symmetry about its
own mid-plane (for which the material matrix is determined by 13 constants instead of 21)
and rotated about the local normal to be a layer in the composite laminated shell, then Des
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and Dst will always vanish no matter what the layup angle is. Considering this, we can




ΓTe DeΓe + 2Γ
T
e DetΓt + 2Γ
T







Following the methodology introduced by Yu et al. [54], the loading can be assumed to
be of order h/l and h/R, which is acceptable for our level of approximation.
Now, the complete statement of the problem can be presented in terms of the principle
of virtual work, such that
δK − δU + δW = 0 (35)
In spite of the possibility of accounting for nonconservative forces, in the above, the problem
that governs the 3-D unknown functions is conservative. Thus, one can pose the problem
that governs the functions as the minimization of a total energy functional, viz.,
L = K − P (36)
with P = U + V, so that
δL = 0 (37)
where V is the work done by applied loads. Below, for simplicity of terminology, we will
refer to P as the total potential energy, or the total potential. Here and throughout the
rest of the shell development, we assume the mass density to be a constant to make our
problem more tractable and procedure simpler. Introducing non-dimensional quantities

































Here ρ0 and µ0 are characteristic values of mass density and material constants in the
material under consideration (all of which are assumed to be of the same order). Therefore,
c0 =
√
µ0/ρ0. Up to this point, this is simply an alternative formulation of the original
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3-D elasticity problem. If we attempt to solve this problem directly, we will meet the same
difficulty as solving any full 3-D elasticity problem. Fortunately, as shown below, VAM can
be used to calculate the 3-D unknown functions asymptotically.
2.3 Low-frequency, Long-wavelength Vibration Approximations
In this section we derive the 2-D equations for vibrations of a monoclinic laminated com-
posite shell under low-frequency, long-wavelength approximations.
2.3.1 Primary approximation
The dimensional reduction from 3-D to 2-D cannot be done exactly. The best one can do
is to accomplish it asymptotically taking advantage of the smallness of h/l, h/R and ε̂.
Now, with the help of an additional small parameter, Eq. (26), we are ready to determine
the constraints and the orders of the undetermined function for low-frequency vibrations.
At the primary step of VAM, the entire kinetic energy density can be neglected in the
asymptotic sense, and only the total potential retained as the formally leading terms in Eq.















with (•)‖ = b(•)1 (•)2cT . It is obvious that the above Eq. (40) is negative definite; its
maximum is equal to zero and is reached for functions R that are independent of ζ, i.e.,
R̂ (x1, x2, ζ, t) = R (x1, x2, t) (41)
where Rα and R3 are arbitrary functions of xα and t.
Now, in accordance with the variational-asymptotic scheme, the position vector Eq. (19)
in the deformed configuration can be redefined in the form
R̂ (x1, x2, ζ, t) = R (x1, x2, t) + P̄i (x1, x2, ζ, t)Bi (x1, x2, t) (42)
where P̄i are unknown 3-D functions to be determined later. The formulation in Eq. (42) is
six times redundant because of the way unknown functions are introduced; six constraints
are needed to make it unique. The redundancy can be removed by choosing appropriate
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definitions of R and Bi. The first three constraints can be chosen such that the average of
each function through the thickness vanishes. Following Refs. [3] and [9], if we define R̂ sim-
ilarly as Eq. (7) to be average position through the thickness of the deformed configuration,
from it follows that the undetermined functions satisfy the three constraints:
〈




P̄3 (x1, x2, ζ, t)
〉
= 0 (43)
According to Eqs. (43), R describes the position vector from point O to the point on the
reference surface of the deformed shell. i.e.,
R (x1, x2, t) = r (x1, x2) + u (x1, x2, t) (44)
where u (x1, x2, t) denote the average shell displacement vector.
Another two constraints can be specified by taking B3 as the normal to the reference
surface of the deformed shell. It is pointed out that this choice is only for convenience in
the derivation and has nothing to do with the Kirchhoff assumption.
Definitions of the 2-D generalized strain and inertial velocity measures are needed for
calculating the undetermined functions asymptotically. Following Refs. [50, 51] and [52],
they can be defined as:
R,α = Aα (Bα + εαβBβ)
Ṙ = ViBi
(45)
where εαβ are the 2-D in-plane strains and of which the order is denoted by O(ε̂) and Vi are
the inertial velocity measures of any material point on the shell reference surface, the order
of which is denoted by O(cε̂). Both εαβ and καβ are termed as 2-D generalized strains. On
the other hand, both Vi and Ωα are termed as 2-D inertial generalized velocities. Here one







which can serve as another constraint to specify the global rotation of the triad Bi and
make the formulation in Eq. (42) unique.
In accordance with the variational-asymptotic scheme, we substitute Eqs. (42) again
into the total energy functional and neglect all small terms containing P̄α and P̄3 in the
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asymptotic sense. Due to the low-frequency assumption Eq. (26), the time derivatives of P̄α
and P̄3 can be removed in the kinetic energy density again. As the result of the foregoing






















ε = bε11 2ε12 ε22cT
The unknown function that maximizes the energy functional expression of Eq. (47), subject
to constraint Eqs. (43), can be obtained by applying the usual procedure of the calculus of




Finally, as a result of the primary step under the low-frequency, long-wavelength approxi-
mations, the position vector R̂ can be expressed as
R̂ (x1, x2, ζ, t) = R (x1, x2, t) + hζB3 (x1, x2, t) + wi (x1, x2, ζ, t)Bi (x1, x2, t) (49)
where the unknown 3-D functions wi represent the general warping displacement of an
arbitrary point on the normal line of the deformed shell, consisting of both in- and out-of-
plane components so that all possible deformations are considered (see Fig. 5). According to
Eq. (49), the 3-D displacement distributions now can be expressed as a series with respect
to hζ in the case of low-frequency vibration approximations, just as in statics. However,
Eq. (49) are the very beginning point assumptions on which most published shell theories
are exclusively developed.
Before proceeding to the first approximation in the next section, it is convenient to
redefine corresponding 3-D strain and velocity fields associated with Eq. (49):
Γe = [ε + ζ (hκ)] + Iαw‖;α + CeRw3 + hζC̄
e




















Figure 5: Schematic of shell deformation under the low-frequency vibration area
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and





Λt = V3 + ẇ3
(51)
with
ε = bε11 2ε12 ε22cT
hκ = bhκ11 h (κ12 + κ21) hκ22cT
(52)































































CeR = bk11 0 k22cT C̃eR = bk211 0 k222cT (58)
With the helps of Yu’s methodology [54], one can construct the work done by applied loads
in the following way. The virtual displacement is taken as the Lagrangean variation of the
displacement field, such that
δR̂ = δqBiBi + hζδψBiBi ×B3 + δwiBi + δψBiBi × wjBj (59)
where the virtual displacement of the reference surface is given by
δqBi = δu ·Bi (60)
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and the virtual rotation of the reference surface is defined such that
δBi = δψBjBj ×Bi (61)
The bars in Eq. (59) indicate that these quantities are not necessarily variations of functions.
Since the strain is small, one may safely ignore products of the warping and the loading in
the virtual rotation term. Then, the work done through a virtual displacement due to the
applied loads αiBi on the top surface and βiBi at the bottom surface and body force φiBi
through the thickness is
δW = αiBi · δR+ + βiBi · δR− + 〈φiBi · δR〉















where αi, βi and φi are taken to be independent of the deformation, (•)+ = (•)|ζ=1/2, and
(•)− = (•)|ζ=−1/2. By introducing column matrices δq, δψ, α, β, and φ which are formed
by stacking the three elements associated with indexed symbols of the same names, and
using Eqs. (6) and (19) one may write the virtual work in a matrix form, so that
δW = δqT f + δψT m + δ (αT w+ + βT w− + 〈φT w〉) (63)
where

















Thus, the work done by applied loads is





in which only the warping displacement is varied, subject to the constraints Eqs. (43). Using
Eqs. (23), (24) and (66), Eq. (36) can be rewritten as a low-frequency approximation of the
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ε + ζ (hκ) + Iαw‖;α + CeRw3 + hζC̄
e







ε + ζ (hκ) + Iαw‖;α + CeRw3






− αT‖ w+‖ − α3w+3






Now one is ready to use the VAM to solve the unknown warping field asymptotically.
2.3.2 First approximation (First-order warping field)
The VAM requires one to find the leading terms of the functional according to the different
orders. The total energy functional consists of quadratic expressions involving both warping
and 2-D generalized strains and velocities. In addition, there are terms that involve the
loading along with interaction terms between the warping and the both of the other types
of quantities. Since only the warping is varied, one needs the leading terms that involve
warping only and the leading terms that involve the warping and other quantities (i.e.
the generalized strain and velocity, and loading). Following Refs. [3] and [55], one can
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summarize the orders of the interested quantities:
Vi ∼ O (cε̂)
Ωα ∼ O (cε̂/l)













where µ is the order of the material constants.

















[ε + ζ (hκ)]T D∗etw3|ζ
〉
(70)
The warping field that maximizes the energy functional expression of Eq. (70), subject to
constraint Eqs. (43), can be obtained by applying the usual procedure of the calculus of
variations with the aid of Lagrange multipliers. The resulting warping is
wα = 0









〈D̄1〉 = 0, 〈D̄2〉 = 0 (73)
Note that inter-lamina continuity of D̄1 and D̄2 must be maintained because of the conti-
nuity of warping functions that are needed, in turn, to produce a continuous displacement
field. This solution is the same as that derived by the VAM in Refs. [44, 56].
2.3.3 Total energy functional for low-frequency vibrations
Before closing in this section for performing short-wave extrapolation it is convenient to
find the total energy functional of low-frequency vibrations in the long-wavelength regime.
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Substituting Eq. (71) back into the total energy functional Eq. (36), one can obtain the






















The energy functional of this approximation coincides with classical laminated shell theories,
just as in statics.
2.4 High-frequency, Long-wavelength Vibration Approximations
In the classical theory of low-frequency vibrations, the 2-D total energy functional Eq. (74)
relies only on the three functions u, which describe the average displacement field of the
shell, just as in statics. Following the terminology introduced by Le [9], these functions
will subsequently be called “external” degrees of freedom, since their characteristics totally
depend on the kinematics of the reference surface of the deformed shell. As the frequency
increases, it is obvious to assume that some “internal” degrees of freedom associated with
branches of the shell high-frequency vibrations will be took effect and have more and more
influence over a total energy functional, so that we should figure out the general way how to
obtain those fields corresponding to the internal degrees of freedom and then how to include
those as variables in the 2-D kinetic and potential energy densities without introducing any
mystic assumptions. To do so the variational-asymptotic procedure will be used. Let us
analyze the vibrations of monoclinic laminated composite shells under high-frequency, long-
wavelength approximations.
2.4.1 Primary approximation
Now, we are ready to determine the constraints and the orders of the yet-to-be-determined
displacement field of a shell undergoing high-frequency, long-wavelength vibrations. In
contrast to the case of low-frequency vibrations, the kinetic energy density must now be
retained in the primary step of the variational-asymptotic procedure since the frequencies
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are no longer small due to Eq. (27). Therefore, from Eq. (36) we obtain the functional
2L = ρ0
〈(


















Calculating the variation of Eq. (76) and setting the variations of Pα, P3 at t1 and t2
equal to zero, the stationary points of the energy functional fall into two classes: i) the
out-of-plane displacement P3 is much greater than the in-plane displacements Pα and ii)
the in-plane displacements Pα are much greater than the out-of-plane P3. These correspond
to four series of vibrations as will be seen presently. Following the terminology introduced
by Mindlin [27], one class is the series of thickness-extension vibrations characterized by
Pα (x1, x2, ζ, t) = 0, P3 (x1, x2, ζ, t) = q (ζ) ψ3 (x1, x2, t) (77)
where q (ζ) corresponds to the odd and even solutions of the following 1-D through-thickness
variational problem
〈




βt0 = β30 =
ω3h
c0
The series with odd solutions is denoted by L⊥ (symmetric thickness-extension vibrations),
and that with even solutions by F⊥ (anti-symmetric thickness-extension vibrations). For
the case of homogeneous and isotropic material,
L⊥(n) : q(ζ) = sinαζ α = π(2n + 1)
F⊥(n) : q(ζ) = cosβζ β = 2πn
(79)
As expected, the branch F⊥(0) corresponds to low-frequency vibration. Fig. 6 shows graphs
of L⊥(0), F⊥(1) and L⊥(1) through the thickness of the shell. Another class is the series of
thickness-shear vibrations characterized by
Pα (x1, x2, ζ, t) = pαβ (ζ) vβ (x1, x2, t) , P3 (x1, x2, ζ, t) = 0 (80)




























and p (ζ) is the 2×2 matrix, the components of which are pαβ . Similar to the thickness-
extension branches, the series with the odd solutions is denoted by F‖ (asymmetric thickness-
shear vibrations), and that with even solutions by L‖ (symmetric thickness-shear vibra-
tions). For elastic shells made of homogeneous and isotropic material, F‖ and L‖ can be
expressed as:
F‖(n) : p11(ζ) = sin αζ α = π(2n + 1)
L‖(n) : p11(ζ) = cos βζ β = 2πn
(82)
Analogously, the branch L‖(0) corresponds to the low-frequency vibration. Fig. 7 shows
graphs of F‖(0), L‖(1) and F‖(1) through the thickness of the shell.
The characteristic eigenvalues β2t0 and β
2
s0 run through a countable set of values; however,
indices are attached neither to them nor to the corresponding eigenvectors in order to avoid
complicating the notation. Since q (ζ) and pαβ (ζ) are determined uniquely up to a constant
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Figure 7: Eigenvectors of F‖(0), L‖(1) and F‖(1)









where I is the 2×2 identity matrix. The constants are chosen so as to simplify later the
changes of variable (see Section 2.5). Furthermore, in each particular solution the functions
ψ3, vα are dependent arbitrarily on the in-plane coordinates xα and harmonically on t















where in Eqs. (84), the summation convention is not applied because α is not a dummy
index. (For homogeneous, isotropic materials, c3 =
√
λ + 2µ/ρ and cα =
√
µ/ρ are the
velocities of dilatational and shear waves, respectively). On the other hand, for functions
ψ3, vα independent of in-plane coordinates xα, each of the solutions given above represents
an exact solution of 3-D dynamic equations of elasticity for an infinite plate and correspond
to synchronized vibrations of transverse fibres along the plate (with the zero in-plane wave
36
number). The frequencies of Eqs. (84) are called cut-off frequencies. As expected, for
vibrations whose amplitude and frequency vary slowly in the in-plane coordinates, Eqs.
(78) and (81) can be regarded as the primary approximation. Eqs. (77) and (80) can be
considered as the leading terms in a certain asymptotic expansion in which ψ3, vα are
functions of xα and t, so that
ψ̈3 ≈ −ω23ψ3, v̈α ≈ −ω2αvα (85)
The values of ωα and ω3 in these estimations are taken for the same branch as the corre-
sponding function, with the exception of F⊥ (0) and L‖ (0), for which it is assumed that
ψ̇3 ∼ c0ψ3/l, v̇α ∼ c0vα/l, where l is the smallest wavelength of the deformation patterns.
As expected, the branches F⊥ (0) and L‖ (0) correspond to the low-frequency vibrations in
Eq. (26). The independence of the displacements in these branches from hζ in the zeroth
approximation is an aspect of the Kirchhoff-Love hypothesis. On the other hand, all the
remaining branches correspond to high-frequency vibrations with Eq. (27). Therefore, since
ω3, ωα → ∞ as h → 0, the corresponding vibrations are naturally called high-frequency
(thickness) vibrations. Finally, using the results of the previous section, the position vector
R̂ can be represented as
R̂ (x1, x2, ζ, t) = R (x1, x2, t) + hζB3 (x1, x2, t) + q (ζ) ψ3 (x1, x2, t)B3 (x1, x2, t)
+ pαβ (ζ) vβ (x1, x2, t)Bβ (x1, x2, t) + wi (x1, x2, ζ, t)Bi (x1, x2, t)
= R (x1, x2, t) + hζB3 (x1, x2, t) + Pi (x1, x2, ζ, t)Bi (x1, x2, t)
(86)
where
P (x1, x2, ζ, t) = q (ζ)ψ3 (x1, x2, t)B3 (x1, x2, t) + pαβ (ζ) vβ (x1, x2, t)Bβ (x1, x2, t)
+ wi (x1, x2, ζ, t)Bi (x1, x2, t)
(87)
Here wi are the unknown 3-D warping functions for the high-frequency vibration approxi-
mations. Unlike the three constraints used in the low-frequency vibrations, the three new
constraints may be needed to calculate wi, which will be discussed in detail in the next
section.
According to Ref. [36], the propagation time for a perturbation through the thickness
for these branches of vibrations is of the same order as the period of vibrations. Therefore,
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for most published plate and shell theories it is impossible to assume the displacements to
be only polynomials in hζ even in a primary approximation (see Eq. (86)). For instance,
the lowest branch of the thickness-shear vibrations F‖(0) is associated with vibrations for
which a shift of the transverse fiber into the half-wave of a sinusoid occurs. Generalized
Reissner-Mindlin plate/shell theories are representative of this type of theories that take
this kind of vibration into account. However, utilization of a linear displacement field over
the thickness instead of the correct sinusoid in a generalized Reissner-Mindlin plate/shell
theory does not lead to a satisfactory quantitative prediction of the actual behavior.
Analogously, having made the above approximations, using Eq. (86) instead of Eq. (49)
and eliminating the effects of the low-frequency vibrations from Eqs. (23), (24) and (66),



























































− αT‖ P+‖ − α3P+3






Now one is ready to use the VAM to solve the unknown warping field for high-frequency
vibrations asymptotically.
2.4.2 First approximation (First-order warping field)
According to Ref. [32], it turns out that the branches possess a remarkable property: they
are orthogonal in the kinetic and strain energy densities in the first approximation. This
means that in a first approximation vibrations of one type do not interact with vibrations
of other types, and the possibility appears for investigating the vibrations of one branch
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independently of the vibrations of the others (except for the classical branches describing
low-frequency vibrations). As before, the variations of vα, ψ3 should vanish at t1, t2, just
as in the case of low-frequency vibrations. Concerning the boundary conditions at the shell
edge, we first consider the clamped edge, for which
pαβvβ = 0 qψ3 = 0 at, ∂S × (−1/2 1/2) (90)
Based on the above fact, we can find the next refinement for the warping fields in the
branches associated with the thickness-extension vibrations (the series L⊥ or F⊥). At this
step we seek the stationary wi of Eq. (36) in the form
Pα = wα (x1, x2, ζ, t)
P3 = q (ζ) ψ3 (x1, x2, t) + w3 (x1, x2, ζ, t)
= P30 + w3 (x1, x2, ζ, t)
(91)
where ψ3 is regarded as one branch of this series as a given function of xα and t satisfying
the condition due to Eq. (90), namely
ψ3 = 0 at ∂S (92)
while wα and w3 are unknown functions that should be determined by the variational-
asymptotic procedure. Without any loss of generality, the following constraint can be
imposed on w3:
〈q (ζ) w3〉 = 0 (93)
which corresponds to the assumption that ψ3 = 〈q (ζ) P3〉. Let us substitute Eqs. (91) into
the non-dimensional kinetic and potential energies per unit area as Eqs. (88) and (89), and
then the total energy functional Eq. (36). With the help of VAM and keeping the leading
terms that depend on wi and the leading cross terms in Eq. (36), we obtain the functional
2L = ρ0
〈[
ẇT‖ ẇ‖ + ẇ
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Here the underlined terms will cancel out each other because of Eq. (78). The double-
underlined term was obtained using integration by parts, and the terms evaluated at the
boundary vanish due to Eq. (92). Thus, the above 3-D problem can be reduced to a 1-D
through-the-thickness problem that does not depend on partial derivatives of wα and w3
with respect to xα and t, and the last ζ enters in only as a parameter. First, the stationary
points wα of Eq. (94) are easily found to be
wα = hsαβ (ζ) ψ3;β (95)








sδsβ|ζ − q|ζ D∗Tet Iαδsβ − β2t0sTαδsβ
〉
= 0 (96)
where sα are the 2×1 matrices, components of which are sαβ. Next, let us seek the correction
w3 to P3, which has the form
w3 = hτR (ζ) ψ3 (97)
where τR (ζ) is the solution of the variational problem
〈
D∗t τR|ζ δτR|ζ + 2HζD∗t q|ζ δτR|ζ + qCeTR D
∗
etδτR|ζ + q|ζ D∗Tet CeRδτR




subject to the constraint
〈qτR〉 = 0 (99)
As expected, the in-plane warping functions turn out to be much smaller than the out-
of-plane displacement in the long-wavelength regime and are O (hq̂/l), and the refinement
w3 to the original out-of-plane displacement is of the order O (hq̂/R) when the out-of-plane
displacement is O (q̂). Summarizing, we have the following distribution of the warping fields
over the thickness in the series of thickness-extension vibrations (in the first approximation):
Pα = hsαβ (ζ) ψ3;β
P3 = q (ζ) ψ3 + hτR (ζ) ψ3
(100)
Analogously, we also find the next refinement for the warping fields in the branches
associated with the thickness-shear vibrations (the series L‖ or F‖). Given vα, we seek wα
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and w3 in the first approximation for one branch of this series:
Pα (x1, x2, ζ, t) = pαβ (ζ) vα (x1, x2, t) + wα (x1, x2, ζ, t)
= Pα0 + wα (x1, x2, ζ, t)
P3 (x1, x2, ζ, t) = w3 (x1, x2, ζ, t)
(101)
in which, without any loss of generality, vα are regarded as one branch of this series as given
functions of xα and t, satisfying the following condition due to Eq. (90):
vα = 0 at ∂S (102)
Here wα and w3 should be determined by the variational-asymptotic procedure and satisfy
the constraints
〈pαβ (ζ) wβ〉 = 0 (103)





‖ ẇ‖ + 2ẇ
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Following the same procedure as in the previous step, the cross (underlined) terms of the
order h−2 in Eq. (104) vanish due to Eq. (81), and for the double-underlined term, integra-
tion by parts was performed taking into account that vα = 0 at the boundary due to Eq.
(103). The stationary point w3 is easily found to have the form
w3 = hrαβ (ζ) vα;β (105)




t δrβ|ζ + p
T ITα D
∗
etδrβ|ζ − pT|ζ D∗seαδrβ − β2s0rTαδrβ
〉
= 0 (106)
Here rα are the 1×2 matrices, components of which are rαβ. As before, for the thickness-
shear vibrations, the out-of-plane warping function is much smaller than the in-plane dis-
placements and is of the order O (hq̂/l). Again, the stationary point wα is of the order
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O (hq̂/R) and should have the form
wα = hϕRαβvβ (107)




sδϕR|ζ + 2HζpT|ζ D
∗















where ϕR is the 2×2 matrix, each components of which is ϕRαβ. Thus, for the series of
thickness-shear vibrations (within the first approximation) we have
Pα = pαβ (ζ) vβ + hϕRαβ (ζ) vβ
P3 = hrαβ (ζ) vα;β
(109)
By continuing the iteration process, the next corrections to Pα and P3 for each of the
branches can be found. However, since they do not contribute to the total energy functional
of the first approximation, we do not need to go any further.
2.4.3 Total energy functional for high-frequency vibrations
Before proceeding to hyperbolic short-wavelength extrapolation in the next section, it is
convenient to find the total Lagrangean of each branch in the long-wavelength regime. Let
the 3-D displacements Pα, P3 be expressed by the infinite series of branches given above,
where ψ3, vα are arbitrary functions in terms of xα and t.
We first examine a branch in the series of thickness-extension vibrations, displacements
of which are given by the asymptotic formulae in Eqs. (100). Substituting Eqs. (100) into
Eqs. (88) and (89), keeping the leading quadratic terms and the leading cross terms, and
using Eqs. (78), (96) and (98), we obtain the total energy functional Lt defined as in Eq.

















































2 + sTα|ζ D
∗
seβq − sTβ ITα D∗etq|ζ
〉
Ft = α3q+ + β3q− + 〈φ3q〉
(111)
Analogously, we turn to a branch in the series of thickness-shear vibrations, displace-
ments of which are given by the asymptotic formulae in Eqs. (109). Again substituting Eqs.
(100) into Eq. (36), discarding the small quadratic terms and the small cross terms (i.e. of
order h/R and h/l compared with unity), and using Eqs. (81), (106) and (108), we get the




















+ FsT v‖ (112)


































etrβ|ζ − pT|ζ D∗seαrβ
〉











Finally, we obtain the asymptotically correct, 2-D dynamical equations for the high-frequency,
long-wavelength regime up to the first approximation, Eqs. (110) and (112). In addition to
the leading terms containing the factor h−2 in the strain energy per unit area we also keep
terms of the next order of smallness in the total energy functional, Eqs. (110) and (112),
because, at the cut-off frequencies, the leading terms, though not small individually, almost
cancel out each other. For the case of homogeneous and isotropic materials, Eqs. (110) and
(112) coincide with those of Ref. [35] derived by the asymptotic method of Goldenveizer
and of Ref. [16] derived by the VAM.
It is interesting to note that, following Ref. [9], even though Eqs. (110) and (112) are the
correct equations in an asymptotic analysis, it does not always lead to a well-posed boundary
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Figure 8: Graph of Ktαβ and K
s
αβ as functions of ν
value problem. For instance, Fig. 8 shows graphs of Ktαβ and K
s
αβ as functions of Poisson’s
ratio ν for the branch L⊥ (0) and L‖ (1) for homogeneous and isotropic materials. For
example, as ν → 0.33 from below, the coefficient Ktαβ → −∞. To address this anomaly we
need an additional independent, logical process. The so-called hyperbolic, short-wavelength
extrapolation is chosen for this step.
2.5 Hyperbolic Short-wavelength Extrapolation
The equations of the theory of laminated composite shells can be regarded as stemming
from the equations of the 3-D theory of elasticity in the long-wavelength approximation
h/l → 0. By their structure the equations of shell theory have physical significance only
for h/l ¿ 1. On the other hand, the formulation of boundary-value problems is associated
with behavior of the corresponding differential operator at short wavelengths (h/l → ∞),
so that formulation of the theory of shells involves not only the derivation of equations in
the long-wavelength regime, but also another logically independent step – the extrapolation
of those equations to the short-wavelength regime [3]. For shells in the short-wavelength
regime it is impossible to describe the 3-D stress state exactly by the 2-D theory, and only a
qualitative correspondence can be achieved. For this reason, it is possible to have differing
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sets of asymptotically-exact 2-D equations in the theory of shells. Therefore, the question
of how to implement short-wavelength extrapolation in the general case is still open to
investigation. However, it is natural to demand asymptotic equivalence in the long-wave
regime for various possible short-wave extrapolations.
Let us now consider vibrations of the composite laminated shell with either clamped or
free boundary conditions at its edge. For convenience in the derivation, we assume that
ρ (ζ) is a constant. Following [9], we assume that the vibrations we are going to describe
can be regarded with sufficient accuracy as the superposition of the branches F⊥ (0), F‖ (0),
L‖ (0), L⊥ (0) and L‖ (1). The branches F⊥ (0) and L‖ (0) correspond to low-frequency
vibrations, but the others to thickness (high-frequency) vibrations with the first branches.
There are two main reasons to choose those branches. First, these branches possess the
lowest cut-off frequencies, so that the dominant vibrational energy is concentrated in them.
Second, the necessity of including also L‖ (1) into the present theory is dictated by its strong
interaction with the branch L⊥ (0), and obviously F‖ (0) is also strongly coupled with the
branch F⊥ (0) [27, 26]. Therefore, the dynamic equations contain eight unknown functions
of the in-plane coordinates and time: ū2dα , ū
2d
3 , ψ̄α, ψ̄3, ῡα (the symbols without the bar are
reserved for the functions in the final equations), as are illustrated in Fig. 9 for the isotropic
case [27, 31]. Thus, we can recover the 3-D displacements through the first approximation
in a strict sense of asymptotic correctness in the following form
Ū3dα = ū
2d
α + gαβ (ζ) ψ̄β + hϑRαβ (ζ) ψ̄α + pαβ (ζ) ῡβ + hϕRαβ (ζ) ῡβ + hsαβ (ζ) ψ̄3;β
Ū3d3 = ū
2d
3 + hD̄1 (ζ) ε̄ + hD̄2 (ζ) (hκ̄) + q (ζ) ψ̄3 + hτR (ζ) ψ̄3
+ hnαβ (ζ) ψ̄α;β + hrαβ (ζ) ῡα;β
(114)
As sketched in Fig. 9, the functions ū2dα , ū
2d
3 describe shell displacements in the low-frequency
branches, which have been studied in brief in Section 2.3. According to Ref. [51], the 2-D
generalized strain and velocity fields are expressed in terms of ū2dα and ū
2d
3 . The functions D̄1
and D̄2 can be calculated from Eq. (72), respectively. According to Ref. [27], the functions
ψ̄α describe the thickness-shear branch F‖ (0). The associated functions gαβ (ζ) are the first
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Figure 9: Components of 3-D displacements
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sδg|ζ − β2s1gT δg
〉
= 0 (115)
while nαβ and ϑRαβ are the solutions of Eqs. (106) and (108), respectively, in which p
should be replaced by g. Moreover, we choose for gαβ (ζ) another normalization condition
to simplify the subsequent changes of variables as follows:
〈ζgαβ〉
〈ζ2〉 = I (116)
Finally, the functions ψ̄3 and ῡα describe the thickness branches L⊥ (0) and L‖ (1), respec-
tively, while the functions q (ζ) and τR (ζ) are the solutions of Eqs. (96) and (98) derived
for these branches previously in Section 2.4. We substitute Eqs. (114) into Eq. (36). Dis-
carding small terms in the asymptotic sense and using the results of the previous sections,
after lengthy but otherwise straightforward calculations, one obtains Eq. (36) with
2K = ρ0
{




















V̄ T‖ 〈sα〉 ˙̄ψ3;α + V̄3 〈nα〉 ˙̄ψ‖;α
+ V̄3 〈rα〉 υ̇‖;α + ˙̄ψ3 〈qD1〉 ˙̄ε + ˙̄ψ3 〈qD2〉 (h ˙̄κ) + ˙̄ψ3 〈qna〉 ψ̇‖;α
+ ˙̄ψ3 〈qrα〉 ˙̄υ‖;α + ˙̄ψT‖
〈
gT sα


























































































































































































































− F1T ψ̄‖ − F2ψ̄3 − F3T ῡ‖
(118)




3 are the eigenvalues of the variational






, I2, I3, F1, F2 and F3 are
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2 + sTα|ζ D
∗



























































































F3 = αT‖ p
+ + βT‖ p
−
(119)
By using the normalization from Eqs. (83) and (116), one can derive the changes of
variable in the following way: At first, the changes of variable for Vα, V3, ψ3 and υα can be
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established for Eq. (117):
ρ0
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V̄ 23 + 2hV̄3
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a2 ˙̄ε + b2 (h ˙̄κ) + b3α



















































































(hκ̄)T C(hκ̄) + 2 (hκ̄)T










































































































































d4α = 〈ζD∗cIαg〉 e6α = 〈ζD∗cIαp〉
a2 = 〈qD1〉 b2 = 〈qD2〉 b3α = 〈qnα〉



























Finally, the changes of variable are defined as:
V‖ = V̄‖ + ha1α
˙̄ψ3;α
V3 = V̄3 + h
[
a5α
˙̄ψ‖;α + b1α ˙̄υ‖;α
]
ε = ε̄ + hā1αβψ3;αβ
hκ = hκ̄ + d̄4αψ̄‖;α + ē
6
αῡ‖;α
ψ3 = ψ̄3 + h
[
















υ‖ = ῡ‖ + hā4αψ̄3;α
(123)
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Retaining the leading terms in Vα , V3, εαβ, καβ, ψα, ψ3 and vα and extrapolating the
total energy functional to the short-wavelength regime, we arrive finally at the 3-D refined
energy functional with the kinetic and strain energies per unit area, valid for a wide range





















































































)− F2ψ3 − F3T υ‖
(126)





































Using Eqs. (122) and (127), all the coefficients are defined as:















I1 = β21c1 + (h)
2 I1 I2 = β22 + (h)
2 I2 I3 = β23 + (h)
2 I3













































































































































































































)T C2υ̇‖, εT C3(hψ‖;α), εT C4υ‖;α, (hκ)T C5(hψ‖;α) and (hκ)T C6υ‖;α
in the Eqs. (125) and (126) are neglected as small compared with the remaining terms in the
long-wavelength regime [9], where Ci with i = 1, 2, · · · , 6 are the coefficients corresponding
to those cross term functions.
Now we digress here to point out that the present theory is different from the Berdichevsky-
Le theory mainly in the following two aspects. First, the Berdichevsky-Le theory is restricted
to linear theory with a homogenous and isotropic material, while the present theory is
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the intrinsic formulation for a monoclinic laminated composite material. Second, in the




are neglected due to ad-
ditional analysis, which shows that a hyperbolic short-wavelength extrapolation describing
exactly the curvature of the dispersion curve near the cut-off frequency of the branch F‖(0)
does not exist [9]. However, those terms are proved to be important in reconstructing the
3-D stresses on the basis of 2-D results [38]. Therefore, we retain this term in the present
theory.
Despite the fact that the theory involves more unknown functions than in the classical
theory of shells, it provides much more predictive capability: The theory is no longer a
zeroth-order approximation theory, but is instead a refined theory. Indeed, it describes in
an asymptotically exact manner the vibrations of a shell for both low- and high-frequencies
in the long-wavelength regime, and it can represent qualitatively the 3-D stress states in
the short-wavelength regime. Note that the coefficients of the present 2-D theory can be
determined by solving the 1-D through-thickness problems, viz., Eqs. (78), (81), (96), (98),
(106), (108) and (115). They are complicated and can generally be solved only with the help
of the numerical methods. As mentioned before, this aspect is a key part of the research
contribution of this thesis and is dealt with in Chapter 4.
2.6 Recovery Relation
While it is necessary to accurately calculate the 2-D displacement field of composite shells,
this is not always sufficient in many engineering applications. Ultimately, the fidelity of a
2-D surface modeling such as this rely on how well it can predict the 3-D results in the
original 3-D structure. Hence appropriate recovery relations are required to complete the
2-D surface modeling, and the results can then be compared with those of the original 3-D
modeling. The term recovery relations refers to expressions for 3-D displacement, strain,
and strain fields in terms of 2-D quantities and functions of ζ.
Using Eqs. (6), (18), (49), (77), (80) and (123), one can recover the 3-D displacement
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field through the zeroth order as
U3d1 = u
2d
1 + hζC31 + hg1α(ζ) (ψα − C3α) + p1α(ζ)υα
U3d2 = u
2d





where U3di are the 3-D displacement components, u
2d
i are the average displacements of the
shell. In addition, following to the explanation of Le [9], (ψα − C3α) can be represented
as the amplitudes of the sinusoidal shear of the transverse fibers and ψ3 describes their
sinusoidal extension, while υα measure the amplitudes of the complicated motion of the
transverse fibers when particles that make up the upper and lower surfaces move in one
direction and those of the reference surface in the opposite sense (see Figs. 6 and 7).
From Eqs. (23), one can recover the 3-D strain field through the zero order as






































Although all the derived formulas in the previous chapter are given in an explicit and
elegant analytical form, the whole procedure is not straightforward, even for shells made
of homogeneous and isotropic materials. Even with the help of the phenomenal power of
present day computer facilities and the ready availability of very sophisticated mathematical
and engineering software packages such as MathematicaTM and MatlabTM, it is still tedious
and essentially intractable. The main objective of this chapter is to propose a new numerical
procedure corresponding to the present theory derived in the previous chapter. First, the
dynamic 3-D elasticity problem is formulated in a dynamic intrinsic form exactly describing
the complex geometry of shell structures (Section 3.1). This step is very close to one
introduced in Sections 2.1 and 2.2 of the previous chapter. Since the numerical procedure
is a direct extension of the previous chapter, some sentences or equations may be skipped
here for the purpose of avoiding duplication of reading, but the main and important ones
may be repeated for clarity and smoothness of presentation. Then as before VAM is used
to rigorously divide this 3-D problem into a linear 1-D through-the-thickness analysis and
a nonlinear 2-D surface analysis in the asymptotic sense. Moreover, in the long-wavelength
regime, VAM is able to correctly split both analysis into low- and high-frequency cases
based on the characteristic time-scale (Section 3.1). This time, however, the 1-D through-
the-thickness analysis is set up and solved using the finite element method by discretizing
the undetermined fields associated with all unknown 3-D functions along the normal line.
First, the same numerical procedure as the static case [57] is used to solve the warping field
for the low-frequency vibration approximations (Section 3.2). Next, the standard procedure
of solving eigenvalue problems is chosen to obtain eigenvalues and eigenvectors that are used
throughout the rest of the numerical procedure. However, unlike the previous works [44, 45],
we introduce a different numerical procedure to solve for the fields associated with all
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undetermined 3-D functions and their refinements for high-frequency vibration, each branch
(Section 3.3) up to the first approximation. As mentioned before, even though the resulting
theory is asymptotically correct within the long-wavelength regime, it does not always lead
a positive definite matrix of stiffness coefficients. Therefore, the same procedure as used
in the previous chapter, the hyperbolic short-wavelength extrapolation, is used to fix this
(Section 3.4). The resulting theory provides a constitutive law (mass and stiffness matrices)
as an input for 2-D nonlinear shell analysis, as well as recovery relations to approximately
express the 3-D displacement, strain and stress fields in terms of shell variables calculated
in the surface analysis (Section 3.5). Finally, an additional procedure of reductions from
the resulting theory to a similar Ressiner-Minlin’s plate/shell theory and to the classical
theory of low-frequency vibrations is introduced. As the first attempt to implement the
above whole procedure, the computer program Dynamic Variational Asymptotic Plate and
Shell Analysis (DVAPAS), has been developed. Fig. 10 shows the main functionality of
DVAPAS.
DVAPAS is used to calculate mass and stiffness matrices with respect to a chosen
plate/shell modeling - i) refined modeling with transverse shear effects ii) refined modeling
with through-the-thickness extension effect (just to check the effects of short-wavelength
extrapolation), and iii) refined modeling with high-frequency vibration effects. It can pro-
vide these as input for a 2-D dynamic surface solver. In addition, DVAPAS can also recover
the 3-D results based on the 2-D strain measures, the 2-D internal degrees of freedom and
their derivatives.
3.1 Shell Kinematics and 3-D Formulation
Let us consider the vibrations of a laminated composite shell with constant mass density
through the thickness, each layer of which is made of a monoclinic material. For use in our
computational procedure, one can express the 3-D strain and velocity fields in matrix form




Γhw + Γeε + Γc (hκ) + ΓLαw;α + ΓRw
+ hΓReε + hΓRc (hκ) + ΓRLαw;α + hΓRRw
(131)
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Figure 10: Main block of DVAPAS
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and
Λ = VS + VT + ξ̃ (hΩ) + ẇ (132)
where
Γ = bΓ11 2Γ12 Γ22 2Γ13 2Γ23 Γ33cT
w = bw1 w2 w3cT
ε = bε11 2ε12 ε22cT
κ = bκ11 κ12 + κ21 κ22cT
VS = bV1 V2 0cT
VT = b0 0 V3cT












with (•);α = ∂ (•)/Aα∂xα and (•̇) = ∂ (•)/∂t. Since Aα are slowly varying, they behave as
if they are constants as far as differentiation concerned. Thus all the rules of differentiation














































































































































To solve the resulting minimization problems, a finite element discretization is generally
used. Moreover, for the laminated case, we have chosen the variable-order finite element
method developed by Hodges [58, 59]. Unlike conventional finite element methods, degrees
of freedom can be added without generation of a new element geometry. Similar with static
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plate/shell modelings introduced by Yu et al. [57], a 5-noded isoparametric line element is
recommended inherently to express numerically the correct orthogonality characteristics of
the warping fields of each branch and frequency regime in polynomials up to the fourth order.
In the laminated case, as the number of plies and ply groups increases, it is obvious that the
size of the matrices expands very fast. However, Refs. [44] and [60] presented that for the
problems they investigated (similar to the present but not identical), one can achieve better
accuracy by using fewer elements with higher-order polynomials. Therefore, discretizing the
transverse normal line into 1-D finite elements, one can express the undetermined functional
as
w (x1, x2, ζ, t) = S (ζ) W (x1, x2, t) (141)
where S is the 3×3N matrix of shape functions, and W is the 3N ×1 column matrix of the
N nodal values of the functional along the local normal line. Let us mention that in Eqs.
(131) and (132), the procedure already includes results of the primary step for low-frequency
vibration. In addition, unlike most published 2-D shell theories, the orders of unknown 3-D
functions w are not assumed a priori to derive Eqs. (131) and (132), but rather they are
obtained as results of the minimization in the first stage for low-frequency, long-wavelength
vibration approximations and in the primary step for high-frequency ones. Using the above
up to the zeroth-order approximations, the total energy functional per unit area for each
frequency regime can be expressed in different discretized form as:
L = K − P (142)
At first, for the low-frequency vibration case, w can be represented within the accuracy of
our approximation as a general warping displacement, just as in the static case:
















D̄heε + D̄hc (hκ)
]






















W T [DhLαW;α + DhRW ]
+ 2W T
[
DhRLαW;α + D̄hRRW + D̄LαRW;α
]
+ W T;αD̄LαLβW;β + W
T D̄RRW + 2W T L
(146)
where L contains the load related terms such that
L = −S+T α− S−T β − 〈ST φ〉 (147)

















































































η = 1 + 2hζH + (hζ)2 K
η∗ = 1 + 2hζH
(149)
Here H = (k11 + k22) /2 and K = k11k22 are called the mean and the Gaussian curvatures
of the surface, respectively. Now one is now ready to use the VAM to solve for the unknown
3-D functions asymptotically.
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3.2 Low-frequency, Long-wavelength Vibration Approximations
The dimensional reduction from 3-D to 2-D cannot be done exactly. The best one can do
is to accomplish it asymptotically by taking advantage of the smallness of h/l, h/R and ε̂.
3.2.1 First approximation
As mentioned before, the results of the primary step under low-frequency vibration are
already contained in Eqs. (143) and (144). According to the VAM procedure, in order to
get the next approximation, one has to construct a series of functional according to different
order. The first approximation of the energy functional can be constructed by discarding
all the terms higher than (h/R)0 and (h/l)0, which leads to













D̄heε + D̄hc (hκ)
]
+εT D̄eeε + 2εT D̄ec (hκ) + (hκ)
T D̄cc (hκ)
} (150)
Now, our problem has now been transformed into the numerical minimization of Eq. (150)
subject to the constraints of Eqs. (43), which can be written in the following discretized
form:
W T M̄Ψcl = 0 (151)
where Ψcl is the 3N × 3 matrix where each of the three columns corresponds to one of the
constraints of Eqs. (43). The set of columns Ψcl are determined by Eq. (40), which is the
kernel (null-space) of matrix Ē. This implies
ĒΨcl = 0 (152)
For convenience and simplicity, let us suppose that the set of columns Ψcl is normalized in
such a way that
ΨclT M̄Ψcl = I (153)
where I is the 3× 3 identity matrix.
The Euler-Lagrange equation for this problem can be obtained by the usual procedure





ĒW + D̄heε + D̄hc (hκ) = M̄Ψcl∆ (154)
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By pre-multiplying Eq. (154) by ΨTcl and applying Eqs. (152) and (153) into Eq. (154), one
can calculate the Lagrange multiplier ∆ as
∆ = ΨTcl
[
D̄heε + D̄hc (hκ)
]
(155)





ĒW = − [I− M̄ΨclΨTcl
] [
D̄heε + D̄hc (hκ)
]
(156)
According to Refs. [44] and [60], there exists a unique solution for W , linearly independent
of the null space of Ē, because the right-hand-side of Eq. (156) is orthogonal to the null
space. Since the solution is unique, we can choose any convenient constraints to make the
problem determined. Hence the final solution minimizing the functional Eq. (150) subject
to constraints of Eq. (151) is
W = − (Hl)+
[
D̄heε + D̄hc (hκ)
]
= hV0eε + hV0c (hκ) (157)
where
V0e = − (Hl)+ D̄he V0c = − (Hl)+ D̄hc
As expected, the above warping field is of the order hε̂. Here the matrix (Hl)
+ can be
satisfied with the following properties
Ē (Hl)
+ = I− M̄ΨclΨTcl
(Hl)





See Ref. [44] for an explanation of how to calculate the matrix (Hl)
+ in detail.
3.2.2 Total energy functional for low-frequency vibrations
Before closing this section it is convenient to derive the total energy functional for the low-
frequency, long-wavelength regime. Substituting Eq. (157) back into Eq. (150), one can
















A = D̄ee + V T0eD̄he
B = D̄ec + V T0eD̄hc
C = D̄cc + V T0cD̄hc
(160)
Here µ represents the material elastic constants, all of which are assumed to be of the same
order. The above average functional of this approximation coincides with Eq. (74), which
is referred to as classical laminated plate theories. However, ad hoc kinematic assumptions
such as the Kirchhoff hypothesis were not used to obtain this result.
3.3 High-frequency, Long-wavelength Vibration Approximations
In contrast to the case of low-frequency vibrations, the kinetic energy density must be
retained in the primary step of the variational-asymptotic procedure since the frequencies
are no longer small due to Eq. (27).
3.3.1 Primary approximation
According to the VAM, one should keep only the leading quadratic energy term with respect
to the small parameter that contains the unknown function and the leading intersection term
between the unknown function and the rest of the functional. Without a priori assumption














By applying the usual procedure of the calculus of variations with the help of Eqs. (85),
Eq. (167) can be minimized with respect to W and transformed into the form of a standard
eigenvalue problem of the form
[
Ē − λM̄]W = 0 (162)
Following the solution procedure of the eigenvalue problem [61], the non-trivial solutions
λij can be obtained from those for which satisfy
det
∣∣Ē − λM̄ ∣∣ = 0 (163)
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Substituting the resulting eigenvalue λij back into Eq. (162), one can calculate a corre-





φijk = 0 k = 1, 2, · · · , 3N (164)




λ11 0 · · · 0









with Φ a 3N × 3N matrix of the eigenvectors composed of all φijk satisfied with Eq. (164)
corresponding to each λij and normalized such that
ΦT M̄Φ = I (166)
Finally, one can obtain the following result at the primary approximation:
ĒΦV = M̄ΦΛV (167)
Note that if the matrix of eigenvectors Φ is independent of in-plane coordinates xα, each
of the solutions given Eq. (167) represents an exact solution of 3-D dynamic equations of
elasticity for an infinite plate, and corresponds to synchronous vibrations of the normal
line elements over the plate surface with zero in-plane wave number. Except for the finite
element-based formulation, Eq. (167) is the same as Eqs. (78) and (81).
Before proceeding to the first approximation, it is to convenient to redefine Eq. (167)
mainly based on the following two characteristics: First, concerning the clamped bound-
ary conditions at the shell edge, it turns out that the branches associated with the high-
frequency vibrations possess an outstanding property: they retain the orthogonality prop-
erty with respect to each other in the kinetic and strain energy densities up to the first
approximation. This implies that, in the first approximation, vibrations of one type do
not interact with vibrations of another type; thus, this remarkable characteristic can be
used to investigate the vibrations of one branch independently of the vibrations of the rest
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(excluding the classical branches describing low-frequency vibrations). Second, we can take
advantage of the monoclinic symmetry of each layer in Eq. (167) to represent numerical-
based forms such as analytical-based forms Eqs. (78) and (81). Taken advantage of orthog-
onal property and monoclinic symmetry one can rewrite Eq. (167) into the following forms
corresponding to different high-frequency vibrations: First, for the branches associated with
the thickness-extension vibrations (the series L⊥ or F⊥), Eqs. (141) can be expressed in the
discretized form as
w (x1, x2, ζ, t) = S (ζ) W0 (x1, x2, t) = S (ζ)Φ3iV (x1, x2, t) (168)
Here Φ3i satisfies the following equation
ĒΦ3iV = M̄Φ3iΛ3iV where i = 1, 2, · · · , N (169)











Φ3i = b0 0 φ3ik c where k = 1, 2, · · · , N (171)
with
Φ3iT M̄Φ3i = I3 (172)










Analogously, for the branches associated with the thickness-shear vibrations (the series L‖
or F‖), Eqs. (141) can be expressed in a different discretized form, such that
w (x1, x2, ζ, t) = S (ζ) W0 (x1, x2, t) = S (ζ)ΦSiV (x1, x2, t) (173)
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Here ΦSi will satisfy the following equation
















M̄ΦSi = IS (177)









Compared with the analytical results in the previous chapter, Eqs. (168) and (173) perfectly
coincide with Eqs. (77) and (80).
3.3.2 First approximation (zeroth-order approximation)
Let us now consider the next refinement for the displacement fields in branches associated
with thickness-extension vibrations. As expected, perturbing the primary result with a
warping field hW 3i that is of order (h/l + h/R) W0, one can express the warping as
W = W0 + hW 3i where i = 1, 2, · · · , N (178)
where W0 denotes the the first term of Eq. (178)
W0 = Φ3iV
Without loss of generality, the discretized form of Eq. (93) can be written as
W 3i
T
M̄W0 = 0 (179)
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h2Ẇ 3iT M̄Ẇ 3i + 2hẆ T0 M̄Ẇ



























Here with the help of Eqs. (85), the underlined terms are equal to zero because of Eq.
(169) for W 3i. The double-underline term was obtained using integration by parts; terms
evaluated at the boundary vanish due to the clamped edge condition. Similarly as the
procedure of the first step in the low-frequency regime, one can solve the first-order warping
field in the following way: First, the Euler-Lagrange equation for the functional of Eq. (180)
can be obtained as
(
Ē − λM̄) W 3i + D3iLαV;α + D3iRV = M̄Φ3i∆ (181)


















Ē − λM̄)W 3i ≈
[













Substituting Eq. (183) back into Eq. (181) and applying the property of orthogonality with
the high-frequency branches, one can rewrite the latter equation as
H3iW 3i = −
[





H3i = Ē − λ3iM̄ (185)
Since H3i has only one kernel for the thickness-extension vibrations, the inverse matrix of
H3i does not exist. However, by modifying previously developed methodology (Refs. [44],
[45] and [60]) using instead the constraint from Eq. (179), one can derive the pseudo-inverse
(H3i)
+, which satisfies the following relations
H3i (H3i)
+ = I− M̄Ψ3iΨ3iT
(H3i)





Finally, the solution of Eq. (184) becomes










Φ3iLα = − (H3i)+ D3iLα Φ3iR = − (H3i)+ D3iR
Summarizing, we have the following distribution of the displacement fields over the
thickness in the series of thickness-extension vibrations up to the first approximation:
w (x1, x2, ζ, t) = S (ζ) W0 (x1, x2, t) + hS (ζ) W 3i (x1, x2, t)
= S (ζ)Φ3iV (x1, x2, t) + hS (ζ)
[
Φ3iLαV;α (x1, x2, t) + Φ
3i
RV (x1, x2, t)
] (188)
Analogously, we also can find the warping function for the displacement fields in the
branches associated with the thickness-shear vibrations. Following the usual proceeding
of the variational-asymptotic procedure, one has the correct expansion of W through the
first-order
W = W0 + hWSi where i = 1, 2, · · · , N (189)
where W0 denotes the the first term of Eq. (189), given by
W0 = ΦSiV
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Unlike Eq. (190), for thickness-extension vibrations, another constraint can be imposed on
the undetermined warping field WSi in discretized form:
WSi
T
M̄W0 = 0 (190)
Similarly to what was done before, substituting Eq. (189) back into Eq. (142) and discarding




h2ẆSiT M̄ẆSi + 2hẆ T0 M̄Ẇ














−WSiT D̄hLαW0;α + WSiT D̄hRW0 + W T0 D̄hRWSi + 4HW T0 ÊWSi
]}
(191)
where, with the help of Eqs. (85), it can be determined that the underlined terms are equal
to zero because of Eq. (174) for WSi. In addition, the double-underlined term was obtained
using integration by parts, and terms evaluated at the boundary vanish due to the clamped
edge. Similarly as the above procedure, one can solve the first-order warping field. From
Eq. (191), one obtains the Euler-Lagrange equation for the thickness-shear vibrations, as
at first, with the Euler-Lagrange equation as
(
Ē − λM̄) WSi + DSiLαV;α + DSiR V = M̄ΦSi∆ (192)














Similarly, Eq. (192) is pre-multiplied by ΦSi to calculate ∆ for the thickness-shear vibrations.
ΦSiT
(
Ē − λM̄) WSi ≈
[





Then by following the same procedure as above and using the primary results found in Eqs.









and substituting Eq. (194) back into Eq. (192), one obtains
(
Ē − λM̄) WSi = − [I− M̄ΦSiΦSiT ] [DSiLαV;α + DSiR V
]
(195)
Unlike the branches associated with the thickness-extension vibrations, there are two differ-
ent eigenvalues λ = λαi for thickness-shear vibration cases for each i = 1, 2, · · · , N , where
α = 1, 2. Therefore, it is clear that we have to establish two different kernels to solve for
WSi. First, for the λ = λ1i case, the solution of Eq. (192) becomes










Φ1iLα = − (H1i)+ DSiLα Φ1iR = − (H1i)+ DSiR
and similarly one can also calculate the solution of Eq. (192) for the λ = λ2i case, such that










Φ2iLα = − (H2i)+ DSiLα Φ2iR = − (H2i)+ DSiR
Here the matrices (H1i)
+ and (H2i)
+ are defined in the same way as Eqs. (186), except that
usage of another constraint, such as Eq. (190), so that
H1i (H1i)
+ = H2i (H2i)
+ = I− M̄ΦSiΦSiT (198)
with
H1i = Ē − λ1iM̄ H2i = Ē − λ2iM̄ (199)
Thus, for the series of thickness-shear vibrations (within the first approximation) we have
w (x1, x2, ζ, t) = S (ζ) W0 (x1, x2, t) + hS (ζ) WSi (x1, x2, t)
= S (ζ)ΦSiV (x1, x2, t) + hS (ζ)
[
ΦSiLαV;α (x1, x2, t) + Φ
Si
R V (x1, x2, t)
] (200)
where, for convenience, ΦSiLα and Φ
Si


















As expected, the order of the determined warping field WSi is of the order (1/l + 1/R) W0.
Before closing this subsection by deriving each average energy functional for high-
frequency vibrations, let us consider the lowest thickness-shear vibrations (i = 1) to simplify
the subsequent changes of unknown functions introduced by the procedure of hyperbolic
short-wavelength extrapolation. One can express Eq. (116) as
〈ζS〉ΦS1 = 〈ζ2〉 IS (201)





+]T [DS1LαV;α + DS1R V
]
(202)
where the 3× 3 matrix (αS1)+ will satisfy the following equation
(αS1)




M̄ΦS1 = αS1 (204)
After this, the kernel matrices (H11)
+ and (H21)
+ are determined in a way similar to previous
use of Eqs. (198) with Eq. (190), such that
H11 (H11)
+ = H21 (H21)





H11 = Ē − λ11M̄ H21 = Ē − λ21M̄ (206)
Thus, for the first lowest of the thickness-shear vibrations (within the first approximation)
one obtains
w (x1, x2, ζ, t) = S (ζ) W0 (x1, x2, t) + hS (ζ) WS1 (x1, x2, t)
= S (ζ)ΦS1V (x1, x2, t) + hS (ζ)
[
ΦS1LαV;α (x1, x2, t) + Φ
S1





















By continuing the iteration process and following the same procedure, subsequent cor-
rections to W for each of the branches can be found. However, since they do not contribute
to the total energy functional of the zeroth-order approximation, one does not need to go
any further.
3.3.3 Total energy functional for high-frequency vibrations
Note that here and throughout the rest of the shell development, we assume that q̂ is the or-
der of the displacement field of the high-frequency vibrations. Let us first consider the total
energy functional for the thickness-extension vibrations V⊥ that is asymptotically correct
up to the order of µ (1/l)2 q̂2 and µ (1/R)2 q̂2 under the variational-asymptotic procedures.
Substituting Eq. (188) into Eqs. (145), (146) and (147), retaining the leading quadratic
terms and the leading cross term with respect to the small parameter under consideration,
























































































































Here we have already taken advantage of monoclinic symmetry to obtain the asymptotically
correct energy in Eq. (208). After eliminating the underlined terms in Eq. (208) as the pri-
mary and first approximation results for the thickness-extension vibrations (i = 1, 2, · · · , N),
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Analogously, we then turn to a branch in the series of thickness-shear vibrations, V‖,
the displacement fields of which are given by the asymptotic formula, Eq. (200). Taking
advantage of monoclinic symmetry, substituting Eq. (200) back into Eq. (142), discarding
the small quadratic terms and the small cross terms of the order h/l, h/R compared to unity,
and using Eqs. (174) and (192), one can obtain the total energy functional LSi defined as












































































Now let us consider the total energy functional of the first thickness-shear vibrations W‖

























































































L = − 〈ST φ〉 (216)
Unlike published plate and shell theories the present theory describes correctly the
low-frequency and high-frequency branches of vibrations of composite shells in the long-
wavelength regime up to the first approximation.
3.4 Hyperbolic Short-wavelength Extrapolation
According to Refs. [32] and [9] it can be shown that each branch is orthogonal to other
branches with different values of ω in the long-wavelength regimes with the asymptotic sense.
However, in the short-wavelength regime the interaction between each branch is of crucial
importance. In addition, as mentioned before, even though Eqs. (209), (211) and (213) are
the asymptotically correct energy functionals, it does not always lead to positive definite
energy density – loss of hyperbolic type. Therefore, we need an additional independent and
logical process – hyperbolic short-wavelength extrapolation. The hypothesis assumed here
is that it needs to be done by using changes of variable that are motivated by the necessity
to match the dispersion curves associated with 2- and 3-D theories.
Now let us consider generalized refined shell modeling with clamped or free boundary
conditions at the edge. Following the same way as in the previous chapter, we assume
that the vibrations we are going to describe can be regarded with sufficient accuracy as the
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superposition of the branches F⊥ (0), F‖ (0), L‖ (0), L⊥ (0) and L‖ (1), where the branches
F⊥ (0) and L‖ (0) correspond to low-frequency vibrations, but the other ones to thickness
(high-frequency) vibrations with the first lowest branches. Such a choice is based on the
following reasoning. First, these branches possess the lowest cut-off frequencies so that
most of the vibrational energy is concentrated in them. Second, it is clear that F‖ (0) is
strongly coupled with the branch F⊥ (0) and also the necessity of including L‖ (1) into the
present theory is dictated by its strong interaction with the branch L⊥ (0) [27, 26]. Having
made the above assumptions, one can write the warping fields for the full-range frequency
vibrations under consideration as:
W = h
[



















where the first and second terms come from the first step of the low-frequency vibrations,
terms from the third to fifth from the primary steps, and the remaining ones from the
first steps of the high-frequency vibration approximations. Similar to the development
in the previous chapter, the symbols without a bar are reserved for the functions in the
final equations. By substituting Eq. (217) into the the total energy functional Eq. (142),
discarding small terms in the asymptotic sense and using the all results of the previous
sections, one can obtain






























































































































(ε̄)T Ā2d (ε̄) + 2 (ε̄)









































































































































































































































)T F̄S1 + (V̄‖















LS2 with LS2 = −S+T α− S−T β
(221)
In Eqs. (219) and (220), results of previous sections are used to define the eigenvalue matrices
ΛS1, Λ31 and ΛS2 and the coefficients associated with Ψ̄S1, Ψ̄31 and Ψ̄S2, T̄S1, T̄31, and T̄S2,
IS , I3 and αS1 and F̄S1. Here we have already taken advantage of monoclinic symmetry and
the orthogonality property to obtain asymptotically correct kinetic and potential energies
in Eqs. (219) and (220).
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Applying a procedure similar to that of the previous chapter regarding Eqs. (219) and
(220), one can derive the general changes of variables in the following discretized form:















































+]T D̄hLα [V0c (hκ̄;α)]









where αS1ΛS1+ and C̄+2d are defined on the similar way as αS1
+
(αS1ΛS1)



















Retaining the leading terms in VS , VT , ε, κ, W‖, V⊥ and V‖ and extrapolating the total
energy functional to the short wavelength regime, after lengthy but otherwise straightfor-
ward calculations, one finally obtains the 2-D refined energy functional with kinetic and
potential energies per unit area, valid over a wide range of frequencies for layered shells for












































(ε)T A2d (ε) + 2 (ε)































































)T FS1 + 2 (V‖
)T FS2 + 2 (V⊥)T F31
}
(226)
All the coefficients are defined in the discretized forms as:












































































ΨS1 = αS1ΛS1 + h2Ψ̄S1 Ψ31 = Λ31 + h2Ψ̄31 ΨS2 = ΛS2 + h2Ψ̄S2



































































After performing hyperbolic short-wavelength extrapolation, the two branches of the first
lowest thickness-shear vibration T̄S1αβ and T̄
S2












































































































































































































































































































































































































































































































































Finally, we derive the asymptotically correct, 2-D dynamic equations for a full range of
frequencies, up to the first approximation. All numerical procedures have been completely
implemented in the computer program DVAPAS. For more convenience and simplicity,




VT M2dV − 12E
T K2dE − ET F2d (230)
with
V = bvα v3 hψ̇α ψ̇3 υ̇αc





υα hψα;β ψ3;α υα;βc
(231)
Here M2d is an 8 × 8 mass matrix, K2d is a 21 × 21 stiffness one, and F2d denotes a 5 × 1
generalized force vector. DVAPAS provides the 2-D generalized constitutive law to be input
into a corresponding 2-D surface solver to carry a 2-D analysis. Afterwards DVAPAS can
take the output from that to recover the 3-D displacement, strain and stress fields. The
development of the surface analysis is beyond the scope of this thesis.
Before closing in section for constructing recovery relations, it is interesting to note that
one can specialize the above theory to the form of a generalized Ressiner-Mindlin plate
82
theory from Eq. (224). In addition, one can reduce from Eq. (224) to the classical theory
previously obtained by VAM., Eq. (159), for low-frequency vibrations.
Originally Ressiner-Mindlin plate theory was based on five 2-D (surface) variables to be
found: three displacements and two rotations. According to Ref. [26] the lowest first branch
of the thickness-shear vibrations could be approximated as in-plane rotations, associated
with transverse shear effects. Therefore, having made the above assumptions, one can
rewrite the warping fields under consideration as:
W = h
[











Following the same procedure of the above, one obtain the changes of variables:
VS = V̄S















hW‖ = W̄‖ + h2
[
ΦS1 (αS1ΛS1)
+]T D̄hLα [V0c (hκ̄;α)]
(233)
Retaining the leading terms in VS , VT , ε, κ and W‖ and extrapolating the total energy
functional to the short-wavelength regime, i.e. Eqs. (233), one arrive finally at the 2-D
refined energy functional Eq. (224) with the kinetic and strain energies per unit area for
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A2d = Ā2d B2d = B̄2d C2d = C̄2d
































The above modeling also has been implemented into the computer code DVAPAS.
On the other hand, let us consider the reduction procedure from Eq. (224) to Eq. (159).
Following the methodology introduced by Le [9], in the low-frequency regime, Eq. (26), it
can be proved by the VAM that the present theory for full-range frequency vibrations, Eq.
(224), is asymptotically equivalent to classical theory for low-frequency vibrations. Indeed,
since the functional contains the small parameter h, one can investigate its asymptotic
behavior as h → 0 and ωh/c0 → 0. In the first step of the variational asymptotic procedure
when ωh/c0 approaches zero, the entire kinetic energy per unit area can be neglected; but












































It is clear that one can determine the following asymptotic formulae as h → 0 from Eq.
(237):































+ Λ31 = I3
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Thus, in the low-frequency application limit, the internal degrees of freedom can be deter-
mined by the external ones. Based on the relations Eqs. (238) one can also determine the
arbitrary orders of the internal degrees of freedom W‖, V⊥ and V‖ as follows:
V⊥ ∼ O (hε̂)






Substituting Eqs. (238) into Eq. (224) and discarding all small terms based on Eqs (239),
























εT Aε + 2εT B (hκ) + (hκ)T C(hκ)
} (240)
where
















































Let us note that there is also a strong similarity between the above reduction and the
reduction from Timoshenko beam theory to Euler-Bernoulli beam theory.
3.5 Recovery Relations
Now one can use the mass and stiffness matrices as input for the 2-D dynamic shell theory to
accurately calculate the 2-D displacement field, 2-D generalized strains and stress resultants
of laminated composite shells. However, in many applications this is not sufficient. The
fidelity of a 2-D model such as this depends on how well it can predict the 3-D results in the
original 3-D dynamic structure. Hence recovery relations should be provided to complete
the 2-D model and then the results compared with those of the original 3-D model. By
recovery relations, then, we mean expressions for 3-D displacement, strain, and stress fields
in terms of 2-D quantities and ζ.
Since the total energy functional that is asymptotically correct through the zeroth-order
is based on a first-order correction of the warping field, we can recover the 3-D displacement,
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strain and stress fields only through the zeroth order. Following the same procedure as the
previous chapter with Eqs. (7), (18), (49) and (217), one can recover the 3-D displacement
field through the zeroth-order as








+ Cij [SW0] (241)
where U3d is the column matrix of 3-D displacements, u2d is the average shell displacements,
Cij are the components of global rotation tensor from Eq. (18) and W0 is the primary results
of high-frequency vibration approximations, such as
W0 = ΦS1W‖ + Φ31V⊥ + ΦS2V‖ (242)




ΓhSW0 + Γeε + Γc (hκ) + ΓLαSW0;α + ΓRSW0 (243)




The objective of this chapter is to validate the present theory and the associated computer
program, DVAPAS, and to present sample results from the program. As mentioned before,
based on the VAM, this thesis represents the first attempt to obtain an asymptotically
correct dynamic plate/shell theory made of composite laminated materials. Both analytical
and numerical forms have been presented in prior chapters and are valid over a wide range
of frequencies. Some independent work will be needed to verify the process and to compare
results with the previous works. By validation procedure, we provide two ways: (a) Indirect
way, which is a self-inspection way based on mutual relations between our analytical and
numerical procedures (Section 4.1) and (b) Direct way, which makes a comparison between
our results and available published works (Section 4.2).
To consider the behavior of the mass and stiffness matrices as calculated from DVAPAS,
we provide some numerical results for plates with varying ply angles (a) where ply angles are
symmetric about the mid-plane and (b) where ply angles are antisymmetric about the mid-
plane (Section 4.3). For this purpose, the standard procedure of the eigenvalue problem has
been carried out first to obtain eigenvalues for the eight-layer case with varying angles, and
then the corresponding eigenvectors for each case are demonstrated in plots. We provide
main diagonal and cross terms of the inertia and stiffness coefficients before and after
performing short-wave extrapolation. Analogously, for fixed ply angles, we also present
some mass stiffness and inertia coefficients varying number of layers in three different shell
cases: (a) a symmetric angle ply case, (b) an antisymmetric angle ply case and (c) an cross
angle ply case (Section 4.4).
Here and throughout the rest of the chapter, the results presented labeled as “analytic”
are generated from Le’s equations. In addition, we align our coordinate axes with x1 along
the length (“longitudinal in-plane”) and x2 along the width (“lateral in-plane”). These
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Table 1: Relations between analytical and discretized coefficients




































































































































are not necessarily aligned with any material axes, but for convenience and simplicity we
assume that our coordinates are the lines of curvatures.
4.1 Indirect Validation
The primary type of validation procedure is to compare the present numerical and analytical
procedures with each other. To do so, relations among the various coefficients can be
established based on calculations from the analytical and numerical procedures. Results
obtained from this study are given in Table 1. As expected, Eq. (124) in terms of Eqs.
(125) and (126) perfectly match with that with Eqs. (225) and (226).
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4.2 Direct Validation
The intent of this section is directly compare results from the available analytic solutions
with those from our computer code, DVAPAS. As mentioned before, a difficulty is met when
one tries to validate our results calculated from DVAPAS, because most of those published
are limited to homogeneous and isotropic cases and do not directly provide their results in
terms of the mass and stiffness matrices. Fortunately, mass and stiffness matrices for any
kinds of homogeneous and isotropic plates/shells are directly provided by Refs. [16] and
[9], which show very good agreement with 3-D numerical results of Gazis [22, 23]. Also,
all results calculated from Le’s procedure are summarized very well in the literature. For
these reasons, we choose his analytical solutions for the key part of the validation process,
to check our analytical and numerical procedures in detail. We have already showed that
our analytical formulation can directly reproduce his results for homogeneous and isotropic
materials. Therefore, we now only consider the comparison between his analytical results
and our numerical ones in this section.
For our examples, let us consider free vibration of an elastic shell made of a homogenous,
isotropic material with the following properties:
E = 26× 106 psi G = 10× 106 psi ν = 0.3
and the following geometric properties
k11 = 0.5 in k22 = 0.5 in h = 1.0 in
4.2.1 Primary approximation
All plates/shells have three zero eigenvalues, which correspond to the external degrees of
freedom of the normal line element, viz. the average displacement components of that line
element (L‖ (0) and F⊥ (0)). In Table 2, the lowest five nonzero eigenvalues are shown for
the homogeneous, isotropic shell, both from the analytic solution ([16]) and from our finite
element approximation, DVAPAS, by changing N , the number of elements.
As expected, it is clear that all eigenvalues calculated by the finite element method
are very close to the analytical results. Also, the corresponding eigenvectors associated
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Table 2: Eigenvalues for a homogeneous and isotropic material
Analytic
Numerical Results
ISO 1 ISO 2 ISO 3 ISO 4
λ11 98.69604 98.75097 98.69617 98.69617 98.69604
λ21 98.69604 98.75097 98.69617 98.69617 98.69604
λ12 394.7841 397.6486 395.0039 394.7873 394.7847
λ22 394.7841 397.6486 395.0039 394.7873 394.7847
λ31 345.4361 345.6284 345.4366 345.4366 345.4361
with those five nonzero eigenvalues of this example are presented in Fig. 11 for the anti-
symmetric thickness shear vibrations, Fig. 12 for the symmetric ones and Fig. 13 for the
symmetric thickness-extension vibrations. Here the finite element results were obtained
using N elements with four-order shape functions; and each analytical eigenvector, shown
as solid lines, is indistinguishable from the finite element results in the plots.
Figure 11: Eigenvectors for F‖ (0)
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Figure 12: Eigenvectors for L‖ (1)
Figure 13: Eigenvectors for L⊥ (0)
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4.2.2 Before performing short-wavelength extrapolation
With the eigenvalues and eigenvectors obtained, one can determine the warping fields for
low- and high-frequency vibrations, and then calculate the mass and stiffness matrices.
Table 3 summarizes each result for the mass and stiffness matrices before performing hy-
perbolic, short-wavelength extrapolation. From Table 3, it is shown that our numerical
results exhibit excellent agreement with those obtained from the analytical solution. It is
interesting to note that in Table 3, the relative error for all the terms even in ISO1 is smaller






Table 3: Mass and stiffness matrices before performing short-wavelength extrapolation
Analytic
Numerical Results
ISO 1 ISO 2 ISO 3 ISO 4
M11 1.0 1.0 1.0 1.0 1.0
M44 0.084556 0.084453 0.084556 0.084556 0.084556
M66 1.0 1.0 1.0 1.0 1.0
M88 1.0 1.0 1.0 1.0 1.0
K11 28.57142 28.57142 28.57142 28.57142 28.57142
K44 2.380952 2.380952 2.380952 2.380952 2.380952
K77 8.345392 8.339833 8.345384 8.345376 8.345392
K99 345.4361 345.6284 345.4366 345.4366 345.4361
K1010 394.7841 397.6486 395.0039 394.7873 394.7847
K1616 -97.32210 -92.54766 -96.99843 -97.31424 -97.32123
K1818 135.0105 132.0426 134.7303 135.0099 135.0098
From Table 3, although we can verify that our procedure is correct in the asymptotic
sense, the coefficient K1616 becomes negative, which is not a physically reasonable value.
This shows clearly that hyperbolic short-wavelength extrapolation is necessary in some
cases.
4.2.3 After performing short-wavelength extrapolation
After performing short-wavelength extrapolation, DVAPAS can recalculate the altered mass
and stiffness matrices. Let us fist consider the plate model. Table 4 shows these results,
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which as expected exhibit excellent agreement with the analytical solution. Now we consider
the free vibration of homogeneous and isotropic shells including initial curvature. Unlike
the plate case, it is noteworthy that for the shell case, there is a need to use more elements
in order to obtain good agreement with analytical results. Note that as presented in prior
chapters, the shell results are the same as the those for the plate except for Kij with i, j =
7, · · · , 11. Even so, Table 5 shows excellent agreement between analytical and numerical
results. Indeed, it has thus been shown that the new numerical procedure provides excellent
agreement with Le’s analytical solutions for the entire process.
Table 4: Mass and stiffness matrices after performing short-wavelength extrapolation
Analytic
Numerical Results
ISO 1 ISO 2 ISO 3 ISO 4
M11 1.0 1.0 1.0 1.0 1.0
M44 0.084556 0.084453 0.084556 0.084556 0.084556
M66 1.0 1.0 1.0 1.0 1.0
M88 1.0 1.0 1.0 1.0 1.0
K11 33.78223 33.79151 33.78225 33.78225 33.78223
K44 2.380952 2.380952 2.380952 2.380952 2.380952
K77 8.345392 8.339833 8.345384 8.345376 8.345392
K99 345.4361 345.6284 345.4366 345.4366 345.4361
K1010 394.7841 397.6486 395.0039 394.7873 394.7847
K1616 6.443656 6.741581 6.470505 6.443636 6.443702
K1818 26.03399 27.53328 26.05056 26.04125 26.03406
K91 42.42640 42.47598 42.42651 42.42653 42.42640
K189 19.99999 19.82078 20.00944 19.99906 20.00001
K1610 -53.33333 -53.91254 -53.38646 -53.33363 -53.33344




ISO 1 ISO 3 ISO 5 ISO 7 ISO 9
K77 9.613739 9.605928 9.613717 9.613739 9.613739 9.613740
K99 365.4361 365.4540 365.4361 365.4361 365.4361 365.4361
K1010 409.7841 413.6703 409.7934 409.7842 409.7842 409.7842
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4.3 Effects of Varying Angles
For our examples here and throughout the rest of this chapter, we first choose a fiber
reinforced composite material which has the following material properties
EL = 25× 106 psi ET = 106 psi
GLT = 0.5× 106 psi GTT = 0.3× 106 psi
νLT = νTT = 0.25
where L denotes the direction parallel to the fibers and T the transverse direction. In
this section, some numerical results obtained from DVAPAS are presented for two different
cases, which are investigated for a eight-layer plate with varying the size of a angle ply:
• case 1: symmetric angle ply, [θ/− θ] with θ = 0◦, 15◦ and 30◦.
• case 2: antisymmetric angle ply, [θ/− θ] with θ = 0◦, 15◦ and 30◦.
4.3.1 Symmetric angle ply case
First, we investigate the free vibration of a laminated composite plate with lay-up [θ/−θ]sym.
Because we consider plates with layers having monoclinic symmetry and this is a symmetric
ply angle case, there is thus no coupling between in-plane and out-plane displacement com-
ponents before extrapolating this problem to the short-wavelength regime; certain modes
will be entirely out-of plane and others entirely in-plane.
In Table 6 the lowest five nonzero eigenvalues are shown for the eight-layer plate with
varying angles. As one can see, the eigenvalues associated with thickness-shear vibrations
become changed in terms of increasing angle while that related to thickness-extension vi-
brations is fixed regarding thickness being kept constant.
Eigenvectors for a symmetric ply angle case with various angles are presented in Figs. 14 -
16, along with the corresponding eigenvalues. The finite element results were obtained using
eight layers with a 5-noded isoparametric line element. Fig. 14 shows the eigenvfunctions for
an antisymmetric thickness-shear vibration mode dominated by longitudinal displacement,
while Fig. 15 shows the lateral displacement for a higher symmetric thickness-shear vibration
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Table 6: Eigenvalues for various symmetric angle ply cases
θ = 0◦ θ = 15◦ θ = 30◦
λ11 49.34802 47.35515 42.83283
λ21 29.60881 30.35325 32.50776
λ12 197.3921 188.5959 168.4608
λ22 118.4353 121.6126 131.2736
λ31 105.7173 105.7173 105.7173
mode. As expected, the fifth nonzero eigenvalue in Table 6 has an eigenvector with only
out-of plane displacement, as shown in Fig. 16.
While the longitudinal displacement in Fig. 14 appears to be continuous, it is the lateral
displacement that is continuous in Fig. 15. The corresponding lateral displacement in Fig.
16 exhibits discontinuities, which reflect the layered structure of the material. As the ply
angles increase, the discontinuities noticeably increase.
With the eigenvalues and corresponding eigenvectors obtained above, the diagonal terms
in the resulting inertia and stiffness coefficients are given by Table 7. As one can see, like the
homogeneous and isotropic example, some of these terms may not be positive until short-
wavelength extrapolation is performed. Note that in Table 7 results for a low-frequency,
long-wave vibration approximation agree perfectly with those from VAPAS developed by
Yu et al. [57].
Table 8 shows main diagonal and cross terms after performing short-wave extrapolation.
In contrast of K1616 and K1717 coefficients in Table 8, both ones become positive in Table
8.
4.3.2 Antisymmetric angle ply case
Analogously, as the size of an angle ply is increased, the eigenvalues for an antisymmetric
ply angle case can be calculated from the solution procedure of the eigenvalue problem.
The lowest five eigenvalues are summarized in Table 9.
By comparison with the eigenvalues for the symmetric case, those for the antisymmetric
case have almost the same values for symmetric thickness-shear and thickness-extension
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Figure 14: Eigenvectors for λ11 with various symmetric angle 8 layer plates
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Figure 15: Eigenvectors for λ22 with various symmetric angle 8 layer plates
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Table 7: Various symmetric angle ply cases before performing short-wave extrapolation
θ = 0◦ θ = 15◦ θ = 30◦
M11 1.0 1.0 1.0
M44 0.084556 0.085094 0.088652
M55 0.084556 0.085077 0.088715
M66 1.0 1.0 1.0
M77 1.0 1.0 1.0
M88 1.0 1.0 1.0
K11 250.6265 219.7818 146.2938
K33 10.02506 11.41486 25.99310
K44 20.88554 18.31515 12.19115
K66 0.835421 0.951238 2.166092
K77 4.172696 4.029653 3.797237
K88 2.503617 2.582391 2.883956
K99 105.7173 105.7173 105.7173
K1010 197.3921 188.5960 168.4608
K1111 118.4353 121.6126 131.2736
K1212 21.57698 18.74445 12.07283
K1515 0.977317 1.126999 2.810603
K1616 -6.308167 -6.688499 -7.950582
K1717 -27.72322 -22.80353 -15.33437
K1818 292.7253 253.1878 167.8457
K2121 26.66288 26.00317 38.75916
Table 8: Various symmetric angle ply cases after performing short-wave extrapolation
θ = 0◦ θ = 15◦ θ = 30◦
K11 251.4787 220.6122 147.0661
K33 10.58139 11.98904 26.61750
K1212 1.300674 1.111338 0.813880
K1515 0.273490 0.293962 0.381956
K1616 3.417939 3.240295 2.855284
K1717 3.086237 3.189641 3.466871
K1818 384.0770 290.1928 162.3965
K2121 2.020112 4.746369 22.20085
K91 9.491367 9.369293 9.035781
K189 4.474272 4.414333 4.255121
K1610 -26.66667 -25.44645 -22.69703
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Figure 16: Eigenvectors for λ31 with various symmetric angle 8 layer plates
Table 9: Eigenvalues for various antisymmetric angle ply cases
θ = 0◦ θ = 15◦ θ = 30◦
λ11 49.34802 47.22180 42.26269
λ21 29.60881 30.41965 32.88208
λ12 197.3921 188.5938 168.4604
λ22 118.4353 121.6127 131.2737
λ31 105.7173 105.7173 105.7173
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vibrations. Corresponding eigenvectors associated with the lowest five eigenvalues are pre-
sented in Figs. 17 – 19 in the same way as the previous case. As one can see, Figs. 17
and 18 show the eigenvectors for thickness-shear vibration cases, the former having more
longitudinal in-plane displacement with an antisymmetric curve, while the latter has more
lateral in-plane displacement with a symmetric curve. The fifth nonzero eigenvalue again
has a smooth eigenvector with only out-of plane displacement, shown in Fig. 19, as ex-
pected. Again, in sharp contrast to results for homogenous plates, the displacement has
discontinuous slopes in Figs. 17 and 18. In contrast to the symmetric case shown in Figs.
14 and 15, Figs. 17 and 18 are for the antisymmetric case and show the opposite tendencies.
Without performing a non-trivial extrapolation procedure, we now turn to the inertia
and stiffness coefficients estimated in terms of determined eigenvalues and eigenvectors. In
Table 10 most of the inertia and stiffness coefficients vary as ply angle increases while those
related to symmetric thickness-extension vibrations do not, as expected.
From Table 10, although our procedure is asymptotically correct, the coefficients K1616
and K1717 have negative values, which are not physically reasonable values. Therefore, this
shows clearly that we need to apply short-wavelength extrapolation to fix them.
After performing short-wavelength extrapolation, DVAPAS can recalculate the mass
and stiffness matrices for an antisymmetric angle ply case. Table 11 includes each result as
the ply angles increase.
As expected, the coefficients K1616 and K1717, both become positive in Table 8. Unlike
the symmetric angle ply case, some coefficients associated with the branch F⊥ (0) and F‖ (0)
appear in the above stiffness matrices (K95, K139 and K177).
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Figure 17: Eigenvectors for λ11 with various antisymmetric angle 8 layer plates
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Figure 18: Eigenvectors for λ22 with various antisymmetric angle 8 layer plates
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Table 10: Various antisymmetric angle ply cases before performing short-wave extrapola-
tion
θ = 0◦ θ = 15◦ θ = 30◦
M11 1.0 1.0 1.0
M44 0.084556 0.084587 0.084629
M55 0.084556 0.084568 0.084599
M66 1.0 1.0 1.0
M77 1.0 1.0 1.0
M88 1.0 1.0 1.0
K11 250.6265 219.7818 146.2938
K33 10.02506 11.41486 25.99310
K44 20.88554 18.31515 12.19115
K66 0.835421 0.951238 2.166092
K77 4.172696 3.994364 3.576677
K88 2.503617 2.572554 2.781821
K99 105.7173 105.7173 105.7173
K1010 197.3921 188.5938 168.4604
K1111 118.4353 121.6127 131.2737
K1212 21.57698 18.95752 12.69726
K1515 0.977317 1.103924 2.374047
K1616 -6.308167 -6.687874 -7.949568
K1717 -27.72322 -22.80346 -15.33434
K1818 292.7253 253.2192 167.8546
K2121 26.66288 26.00250 38.75770
Table 11: Various antisymmetric angle ply cases after performing short-wave extrapolation
θ = 0◦ θ = 15◦ θ = 30◦
K11 251.4787 220.6122 147.0661
K33 10.58139 11.98904 26.61750
K1212 1.300674 1.154584 0.843994
K1515 0.273490 0.294442 0.377202
K1616 3.417939 3.240892 2.857048
K1717 3.086237 3.176720 3.443967
K1818 384.0770 273.8780 149.6667
K2121 2.020112 4.639062 20.72581
K91 9.491367 9.369293 9.035781
K95 0.0 -0.000754 -0.001307
K139 0.0 0.002279 0.004156
K177 0.0 -0.001415 -0.002964
K189 4.474272 4.415867 4.256630
K1610 -26.66667 -25.44513 -22.69696
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Figure 19: Eigenvectors for λ31 with various antisymmetric angle 8 layer plates
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4.4 Effects of Varying Number of Layers
In this section, several numerical results obtained from DVAPAS are presented for three
different cases, which are investigated for a shell with varying the number of layers:
• case 1: symmetric angle ply, [30◦/− 30◦] with N = 4, 8 and 12.
• case 2: antisymmetric angle ply, [15◦/− 15◦] with N = 4, 8 and 12.
• case 3: antisymmetric nearly cross ply, [89.5◦/− 0.5◦] with N = 4, 8, 12 and 16.
Our test problem is the free vibration of a shell made of the same material properties as
that in the previous section (Section 4.3) and including the following geometric properties
k11 = 0.5 in k22 = 0.5 in h = 1.0 in
4.4.1 Symmetric angle ply case
Let us first consider the free vibration of a laminated composite shell with increasing number
of layers and fixed angle ply [30◦/ − 30◦]sym. Following the solution procedure of the
eigenvalue problem, eigenvalues for a symmetric ply angle case can be determined in general.
The lowest five eigenvalues are presented in Table 12.
Table 12: Eigenvalues for the symmetric case with varying number of layers
N = 4 N = 8 N = 12
λ11 45.29122 42.83283 42.52380
λ21 31.15058 32.50776 32.72905
λ12 166.4511 168.4608 168.9248
λ22 130.4789 131.2736 131.4709
λ31 105.7173 105.7173 105.7173
As can be seen, the eigenvalues associated with thickness-shear vibrations change as
the number of layers increases, while that related to thickness-extension vibrations remain
constant. As before, inertia and stiffness coefficients for a shell are the same as those for a
plate except Kij with i, j = 7, · · · , 11, regardless of our having performed short-wavelength
extrapolation. Table 13 shows the main diagonal terms of mass and stiffness matrices
obtained from DVAPAS.
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Table 13: Symmetric angle ply cases with varying number of layers
N = 4 N = 8 N = 12
M44 0.100953 0.088652 0.086357
M55 0.101790 0.088715 0.086387
K77 5.569859 4.538850 4.380332
K88 3.5478709 3.244149 3.181460
K99 173.7736 173.7950 173.7962
K1010 176.8739 179.0860 179.6376
K1111 133.7609 134.4697 134.6740
4.4.2 Antisymmetric angle ply case
Analogously, as the number of layers increases, the eigenvalues for an antisymmetric ply
angle case can be calculated from the solution procedure of the eigenvalue problem. The
lowest five eigenvalues are summarized in Table 14.
Table 14: Eigenvalues for the antisymmetric case with varying number of layers
N = 4 N = 8 N = 12
λ11 47.14898 47.22180 47.23135
λ21 30.40315 30.41965 30.42214
λ12 186.6646 188.5938 188.8273
λ22 121.5491 121.6127 121.6636
λ31 105.7173 105.7173 105.7173
As one can see, the eigenvalues associated with thickness-shear vibrations change as
the number of layers increases, while those related to thickness-extension vibrations remain
constant. Also in Table 15 shows the main diagonal terms of mass and stiffness matrices
obtained from DVAPAS.
4.4.3 Cross-ply case
Let us now consider the free vibration of a laminated composite shell with N layers [89.5◦/−
0.5◦]cp. In Table 16 the lowest five nonzero eigenvalues are shown for the cross-ply shell
with varying number of layers. As one can see, the eigenvalues associated with thickness-
shear vibrations change as the number of layers, while those related to thickness-extension
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Table 15: Antisymmetric angle ply cases with varying number of layers
N = 4 N = 8 N = 12
M44 0.084770 0.084587 0.084569
M55 0.084621 0.084568 0.084561
K77 4.934705 4.934379 4.934634
K88 2.860137 2.859894 2.859896
K99 173.7079 173.7950 173.7962
K1010 211.6696 214.9919 215.3703
K1111 117.7872 100.1938 99.80420
vibrations become constant. Unlike symmetric and antisymmetric cases, there are only
three different eigenvalues such as a homogeneous and isotropic shell.
Table 16: Eigenvalues for the cross-ply case with varying number of layers
N = 4 N = 8 N = 12
λ11 36.8544 36.97939 36.99744
λ21 36.8544 36.97939 36.99744
λ12 145.8102 147.4176 147.8072
λ22 145.8102 147.4176 147.8072
λ31 105.7173 105.7173 105.7173
The eigenvectors for an eight-layer shell are presented in Figs. 20 – 22, along with cor-
responding eigenvalues. Figs. 20 and 21 show the eigenvectors for thickness-shear vibration
modes, the symmetric mode of which has more longitudinal in-plane displacement and the
antisymmetric mode of which has more lateral in-plane displacement. The symmetric out-of
plane mode is shown in Fig. 22, having a smooth eigenvector as before.
In contrast to results for the homogeneous shell, the displacement has discontinuous
slope in the most cases for the thickness-shear vibrations. With the eigenvalues and corre-
sponding eigenvectors calculated from DVAPAS, the main diagonal terms on the resulting
inertia and stiffness coefficients are given by Table 17. As has been seen in other cases,
before performing short-wavelength extrapolation some terms are not positive.
As one can see, there are no changes in the low-frequency long-wave vibration results.
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Figure 20: Eigenvector for λ11 with cross-ply 8 layer shell
108
Figure 21: Eigenvector for λ22 with cross-ply 8 layer shell
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Figure 22: Eigenvector for λ31 with cross-ply 8 layer shell
Table 17: Cross-ply cases with varying number of layers before performing short-wave
extrapolation
N = 4 N = 8 N = 12 N = 16
M11 1.0 1.0 1.0 1.0
M44 0.084982 0.084630 0.084587 0.084573
M66 1.0 1.0 1.0 1.0
M88 1.0 1.0 1.0 1.0
K11 130.3078 130.3078 130.3078 130.3078
K44 10.85898 10.85898 10.85898 10.85898
K77 3.605994 3.604810 3.604988 3.605058
K99 173.7079 173.8031 173.7993 173.7977
K1010 151.2687 152.9952 153.4143 153.5329
K1212 11.62706 11.30644 11.26128 11.24624
K1616 -10.73140 -10.53450 -10.48116 -10.46541
K1818 128.7938 147.2594 144.7117 143.9777
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Unlike symmetric and antisymmetric cases, the stiffness coefficient associated with a sym-
metric thickness-extension vibration mode changes with a varying number of layers.
Table 18: Cross-ply cases with varying number of layers after performing short-wave
extrapolation
N = 4 N = 8 N = 12 N = 16
K1212 0.703569 0.636229 0.629894 0.627900
K1616 2.362262 2.477373 2.502515 2.508733
K1818 59.93709 122.0453 126.2114 127.6380
K91 8.580195 8.580195 8.580195 8.580195
K94 0.013299 0.015096 0.004301 0.001843
K129 0.050555 0.005238 0.001469 0.000628
K139 -0.007800 -0.000054 -0.000052 0.000001
K177 -0.045533 -0.004598 -0.001283 -0.000548
K178 0.007025 0.000048 0.000045 0.000001
K189 4.085625 4.043171 4.044361 4.044530
K199 -0.467840 -1.080521 -1.083141 -0.070764
K1610 -19.42903 -19.86579 -19.95131 -19.97420
K1611 2.224797 5.309054 5.343263 0.349472
As expected, the coefficient K1616 associated with a symmetric thickness-extension vi-
bration mode, is positive in Table 18. In contrast with most ply angle cases, some additional
coefficients associated with the branch F⊥ (0) and F‖ (0) appear in the stiffness matrices,




The present development represents a new contribution, as there is no published work on
variational-asymptotic modeling of composite laminated shells for a wide range frequencies
and expressed in both analytic and finite element-based forms. This chapter summarizes
the conclusions of the work and suggests possible areas of additional research.
5.1 Conclusions
Unlike most published work on shell modeling, the present research proposes new analytic
and numerical procedures to rigorously construct an accurate model for composite laminated
shells for a wide range frequencies. In these procedures, the concept of decomposition of the
rotation tensor introduced by Danielson and Hodges [53] is first used to establish the original
3-D elasticity problem in intrinsic form, which helps to avoid unnecessary complexities
of the mathematical description. Then, as the most essential and important procedure,
the Variational Asymptotic Method [3, 9] introduced by Berdichevsky is used to perform
a rigorous dimensional reduction. This takes advantage of small geometric parameters
inherent in the structure. Unlike the static case, however, there is one more important
physical parameter in the dynamics case. It is called the characteristic timescale for the
change of the deformation with respect to time; it is also used in the long-wavelength range.
Finally, another logically independent procedure is used, the extrapolation of the foregoing
procedures to the short-wavelength regime; this procedure was introduced by Berdichevsky
[3, 9].
In chapters II and III, the two different forms of dynamic shell theories valid over a wide
range frequencies are proposed. However, both analytic and numerical procedures are very
close because they share the same foundation. The first one (chapter II) is derived based
on an analytical formulation, and is the first attempt to obtain an asymptotically correct
dynamic shell theory made of composite laminated materials and valid over a wide range
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of frequencies. It describes in an asymptotically correct manner not only the low-frequency
but also some of the first high-frequency branches of vibrations in the long-wave range.
Moreover, it allows recovery of the three-dimensional stress state in the short-wave range.
On the other hand, although the results of the first one (chapter II) is given in an
explicit and elegant analytical form, the whole solution process is not easily implemented,
even for the case of a homogeneous and isotropic material. Thus, this result is not suitable in
practical analysis of shells. In chapter III, a corresponding finite element-based shell model is
developed, based on the same procedure as the analytic shell model. As a direct outgrowth
of the numerical procedure, the computer code DVAPAS is developed to inexpensively
calculate the mass and stiffness matrices for composite laminated shells.
Finally, in chapter IV, two ways are suggested to validate the analytical and numerical
procedures. The first is to perform mutual checks between the two different forms. The
second is to compare in detail results from our numerical procedure with those of Ref. [16].
All validation has shown that the proposed theories have excellent agreement with results
from Ref. [16].
The main contributions of the present work toward developing dynamic composite shell
models valid over a wide range frequencies with sufficient accuracy are the following:
1. To provide insight and guidance for developing the finite element-based shell model
and an analytic procedure for 1-D through-the-thickness analysis for laminated com-
posite materials has been presented in the thesis.
2. The combination of (a) the compact and elegant representation of the dynamic in-
trinsic formulation [48], (b) the rigorous dimensional reduction procedure of the Vari-
ational Asymptotic Method, and (c) the hyperbolic short-wave procedure of the non-
trivial extrapolation is itself a contribution.
3. An asymptotically correct shell model has been constructed that enables one to ana-
lyze shell dynamic response for vibrations in the low-frequency, long-wavelength area,
including the high-frequency regime, and to achieve simple, accurate and positive
definite strain and kinetic energy functionals for all wavelengths.
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4. Companion analytical and numerical procedures of the 1-D through-the-thickness
analysis have been developed.
5. To implement the numerical procedure as a 1-D finite element code, a computer
program, DVAPAS, has been developed.
5.2 Recommendations
Although much has been investigated and achieved based on the approach utilized for this
work, there are still some additional points that need to be studied as well as things to be
improved. The present work can be considered as the very beginning step of a general and
consistent construction of full range frequency models for composite shells by the Variational
Asymptotic Method and the hyperbolic short-wave extrapolation. Moreover, because the
theories are still under development, it is obvious that some independent work is needed to
validate and compare results with other approaches. To complete the present research, a
number of future tasks should be performed:
1. To validate our DVAPAS results with available 3-D finite element results and ex-
perimental data, the most urgent work is to develop the corresponding 2-D surface
analysis associated with the present theories.
2. Under the Variational Asymptotic Method, there are other numerical codes. One is
VAPAS (a computer program for 1-D through-thickness analysis of plates and shells)
developed by Yu et al. [57], which is a generalized Reissner-like model to analyze
the structural static responses. Some works is needed to establish the relationship
between the two codes as far as range of applicability and accuracy.
3. In reality, many composite shells are coupled with actuated elements and serve in
severe environments. Hence, it will be very important to take actuation, acoustics,
and hygro-thermal effects into account to extend the versatility of the present research.
4. There are various engineering applications to use multi-layer plates and shells for
which the materials vary through the thickness, such as sandwich plates and shells.
However, the prediction and analysis modeling of the performance of such structures
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is known to be unsatisfactory in some cases. Therefore, it is recommended to extend
the present theory to model sandwich plates and shells by taking advantages of the
Variational Asymptotic Method on the dynamic intrinsic formulation.
5. It should be noted that because the shell theory of chapter II is successfully imple-
mented into a numerical form in the theory of chapter III, this will facilitate the
extension of this work to include dynamic beam modeling valid over full range fre-
quency with sufficient accuracy.
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